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‣ Result for Optimal Classifiers 
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Explainable AI
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Call for XAI

‣ Fairness: Biases can be detected 
earlier


‣ Trustworthiness


‣ Increases reliability 


‣ Regulation

Some Reasons
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Explosion
Explanations

But not a lot of Theoretical/
Mathematical understanding! 
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Introduction to the problem
With a peculiar example



Counterfactual explanation
Explanations

s
x1

x2

f(x) = 0

-1

+1

x

xCF (counterfactual)

“If you would have had an income of € 40 000 
instead of €35 000, 

your loan request would have been approved.”

‣Tell (A) how to change the decision from -1 to +1


‣Minimal cost for (A)


‣Provide Recourse



Leading example

Loan application process:


‣(A) provides (P) with a set of features:





‣(P) has an automated decision system 







‣(A) can ask for a counterfactual explanation


x =
x1
⋮
xd

f

f(x) = + 1 if accepted
f(x) = − 1 if not

2 parties:


‣Credit Loan Applicant (A)


‣Credit Loan Provider (P)



Leading example
Loan application process:


‣ (A) provides (P) with a set of features:





‣ (P) has an automated decision system 







‣ (A) can ask for a counterfactual explanation


x =
x1
⋮
xd

f

f (x) = + 1 if accepted
f (x) = − 1 if not

2 parties:


‣ Credit Loan Applicant (A)


‣ Credit Loan Provider (P)

This example us seen as a:

Counterfactual literature


Positive example

Strategic classification


Negative example




Effect of Effect of Recourse on Accuracy

What happens to the accuracy? 



Model
Learning theoretic setting for classification


f : 𝒳 ⊆ ℝd → {−1,1}

We assume that 

(X0, Y) ∼ P

We care about accuracy:


.


The optimal classifier is the Bayes Classifier 

.

RP( f ) = P( f(X0) ≠ Y)

f*P = sign (P(Y = 1 |X = x)− 1
2 )

By adding recourse in the mix, 


,


where  is either  or , we induce a new 
distribution 


.

X0 → X

X X0 XCF

(X0, X, Y) ∼ Q

Accuracy with Recourse is defined as


.


Note that  depends on  in general.


Distribution of  may change.

RQ( f ) = Q( f(X) ≠ Y)

Q f

Y |X



Modelling User Bahaviour
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Modelling User Bahaviour
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P (Y = 1|X0)

P (Y = 1|X)

x

Distribution of  may change.Y |X

X0 → X

‣Compliant users:  

‣Defiant users: 

Q(Y |X, X0) = P(Y |X)

Q(Y |X, X0) = P(Y |X0)



Modelling Q

Some examples:

‣ Credit loan application:

‣Compliant: Applicant improves risky behaviour

‣Defiant: Applicant tries to “game the system” 

‣Medical Diagnosis:

‣Compliant: Patient improves their health

‣Defiant: Patient takes medicine to reduce symptoms


‣Job applications:

‣Compliant: Applicant improves their skills

‣Defiant: Applicant improves their CV

Examples



Optimal classifier




Optimal Classifier
Example (Compliant)

+1 correct
�1 correct
+1 wrong
�1 wrong

cRP (f⇤
P ) = 0.11 cRQ(f⇤

P ) = 0.30

We assume that








X |Y = + 1 ∼ N(μ, Σ)

X |Y = − 1 ∼ N(ν, Σ)

P(Y = + 1) = P(Y = − 1) = 1
2

‣ 


‣
RP( f*P ) = Φ(∥μ − ν∥Σ−1)

RQ( f*P ) = 1
4 + 1

2 Φ(∥μ − ν∥Σ−1)
RQ( f*P ) > RP( f*P )



Optimal Classifier
Formal result

Theorem  


Let  be the  loss and suppose that  for all  on the decision 
boundary of , then:


A. For the Compliant case, 





B. For the Defiant case,


ℓ 0/1 P(Y = 1 |X0 = x) = 1
2 x

f*P

RQ( f*P ) = 1
2 P( f*P (X0) = − 1) + P( f*P (X0) = 1,Y = − 1) > RP( f*P )

RQ( f*P ) = P(Y = − 1) > RP( f*P )



Optimal Classifier
Proof sketch (Compliant) RQ( f*P ) = 1

2 P( fP(X0) = − 1) + P( fP(X0) = 1,Y = − 1) > RP( f*P )
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f*P (X0) = + 1 Y = − 1



Optimal Classifier
Proof sketch (Compliant) RQ( f*P ) = 1

2 P( fP(X0) = − 1) + P( fP(X0) = 1,Y = − 1) > RP( f*P )
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P (Y 6= f⇤
P (x)|X = x)

x

➡ Every point is now classified as 


➡ The mistakes you make are


➡ Original  but ,


➡ Half of the original , 


➡  


on the decision boundary

+1

f*P (X0) = + 1 Y = − 1

f*P (X0) = − 1

P(Y = + 1 |X) = P(Y = − 1 |X) = 1
2



Optimal Classifier
Proof sketch (Defiant)
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Optimal Classifier
Proof sketch (Defiant)
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RQ( f*P ) = P(Y = − 1) > RP( f*P )

➡ Every point is now classified as 


➡ The mistakes you make are


➡ Original  but ,


➡ Original , but , because 
the label does not change in this case

+1

f*P (X0) = + 1 Y = − 1

f*P (X0) = − 1 Y = − 1



Rest of the paper

‣Similar results/bounds for Non-Optimal classifiers


‣What ML providers can do to strategise against this phenomenon 


‣More examples and empirical results

What else do we show



Thank you for your attention!


