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Programme of today

• Introduction to the problem


• Modelling the setting


• Optimal classifiers


• Near Optimal classifiers


• Strategising


• Conclusion
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Introduction to the problem
With a peculiar example



Short Introduction
‣ PhD student at the UvA: Formalising Explainable AI


‣ The presented work was created in collaboration with:
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Dr. Tim van Erven Dr. Damien Garreau
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Call for XAI

‣ Fairness: Biases can be detected 
earlier


‣ Trustworthiness


‣ Increases reliability 


‣ Regulation

Some Reasons



Explosion
Explanations



Examples
Explanations

‣ Highlight important features 


‣ Counterfactual explanation


‣ Caption generation


‣ Example based


‣ Activation Probing



Some issues
Explanations

‣ Easily manipulated


‣ Disagreement problem


‣ Post-Hoc can be unfaithful 



Leading example

Loan application process:


‣(A) provides (P) with a set of features:





‣(P) has an automated decision system 







‣(A) can ask for a counterfactual explanation


x =
x1
⋮
xd

f

f(x) = 1 if accepted
f(x) = − 1 if not

2 parties:


‣Credit Loan Applicant (A)


‣Credit Loan Provider (P)



Leading example
Loan application process:


‣ (A) provides (P) with a set of features:





‣ (P) has an automated decision system 







‣ (A) can ask for a counterfactual explanation


x =
x1
⋮
xd

f

f (x) = 1 if accepted
f (x) = − 1 if not

2 parties:


‣ Credit Loan Applicant (A)


‣ Credit Loan Provider (P)

This example us seen as a:

Counterfactual literature


Positive example

Strategic classification


Negative example




Modelling the situation




Model
Learning theoretic setting for classification


f : 𝒳 ⊆ ℝd → {−1,1}

We observe data 


We assume that 


{(X1
0 , Y1), …, (Xn

0 , Yn)}

(X0, Y) ∼ P

Loss is measured by counting wrong 
classifications


ℓ( f(x), y) = 1{f(x) ≠ y}

Goal is to minimize expected loss (Risk) 




The optimal classifier is the Bayes Classifier 

R = 𝔼P[ℓ( f(X0), Y)]

f*P = arg min 𝔼P[ℓ( f(X0), Y)]



Model

By adding recourse in the mix, 


,


where  is either  or , we induce a new 
distribution 


X0 → X

X X0 XCF

(X0, X, Y) ∼ Q

Adding recourse
Counterfactual point is defined as





For simplicity, we assume that every negative  
accepts recourse

φ(X0) = XCF ∈ arg min
z : f(z)=1

c(X0, z)

X0

Risk with Recourse is defined as





Note that  depends on  in general

RQ( f ) = 𝔼Q[ℓ( f(X), Y)]

Q f



Model

In general  does not need to change to , 


This is modelled by setting 


X0 XCF

X = BXCF + (1 − B)X0, B ∼ Ber(r(X0))

When is Recourse accepted
The function  models how likely  is to 

accept recourse
r(X0) X0

For the rest of the talk we will assume r(X0) = 1



Modelling Q

We define 2 extreme cases:


‣ Compliant:  

‣Defiant:       

Q(Y |X0, X) = P(Y |X)

Q(Y |X0, X) = P(Y |X0)

Choice in dependency structure

Defiant case

Compliant case



Modelling Q

Some examples:


‣ Credit loan application:


‣Compliant: Applicant improves risky behaviour


‣Defiant: Applicant tries to “game the system” 

‣ Medical Diagnosis:


‣ Compliant: Patient improves their health


‣ Defiant: Patient takes medicine to reduce 
symptoms


‣ Job applications:


‣ Compliant: Applicant improves their skills


‣ Defiant: Applicant improves their CV

Examples

Defiant case

Compliant case



Modelling Q

There is a very Causal interpretation to . 


See Improvement-Focused Causal Recourse (ICR) [König et al.] 
for a more extensive treatment of this view


We view everything on a distributional level

Q

Causality

Defiant case

Compliant case

https://scholar.google.com/citations?view_op=view_citation&hl=en&user=THTbZ5EAAAAJ&sortby=pubdate&citation_for_view=THTbZ5EAAAAJ:FAceZFleit8C


Optimal classifier




Optimal Classifier
Example (Compliant) +1 correct

�1 correct
+1 wrong
�1 wrong

cRP (f⇤
P ) = 0.11 cRQ(f⇤

P ) = 0.30

We assume that











Optimal classifier is (assuming )


, 


X |Y = + 1 ∼ N(μ, Σ)

X |Y = − 1 ∼ N(ν, Σ)

P(Y = + 1) = P(Y = − 1) = 1
2

∥μ∥Σ−1 = ∥ν∥Σ−1

f*P (x) = sign(θ⊤x)

θ = Σ−1(μ − ν)

‣ 


‣
RP( f*P ) = Φ(∥μ − ν∥Σ−1)

RQ( f*P ) = 1
4 + 1

2 Φ(∥μ − ν∥Σ−1)

 if RQ( f*P ) > RP( f*P ) RP( f*P ) < 1
2



Optimal Classifier
Formal result

Theorem  


Let  be the  loss and suppose that  for all  on the decision boundary 
of , then:


A. For the Compliant case,





B. For the Defiant case, 





ℓ 0/1 P(Y = 1 |X0 = x) = 1
2 x

f*P

RQ( f*P ) = P(Y = − 1) > RP( f*P )

RQ( f*P ) = 1
2 P( fP(X0) = − 1) + P( fP(X0) = 1,Y = − 1) > RP( f*P )



Optimal Classifier
Proof sketch (Compliant) RQ( f*P ) = 1

2 P( fP(X0) = − 1) + P( fP(X0) = 1,Y = − 1) > RP( f*P )

➡ Every point is now classified as 


➡ The mistakes you make are


➡ Original  but ,


➡ Half of the original , 


➡because  on the decision boundary

+1

f*P (X0) = + 1 Y = − 1

f*P (X0) = − 1

P(Y = + 1 |X) = P(Y = − 1 |X) = 1
2



Optimal Classifier
Proof sketch (Defiant) RQ( f*P ) = P(Y = − 1) > RP( f*P )

➡ Every point is now classified as 


➡ The mistakes you make are


➡ Original  but ,


➡ Original , but , because the label does not change in this case

+1

f*P (X0) = + 1 Y = − 1

f*P (X0) = − 1 Y = − 1



Non-Optimal classifier




Non-Optimal Classifier
More general What if we consider non-optimal classifiers?

Need to make some extra assumptions:


‣ Assume  for some probabilistic classifier 


‣ The function  is “ -close” to  along the decision boundary

f(x) = sign(g(x)− 1
2 ) g(x) : 𝒳 → [0,1]

g ϵ P(Y = 1 |X = x)



-close assumptionϵ
More general

Informally:


‣ The function  is “ -close” to  along the decision boundary


Formally:


g ϵ P(Y = 1 |X = x)

∫
{x0 : g(x0)<

1
2 }

| 1
2 −P(Y = 1 |X = φ(x0)) |P(dx0) < ϵ

What is the assumption?

Implied by uniform bound,

 for all  suc that | 1

2 −P(Y = 1 |X0 = x) | < ϵ x g(x) = 1
2



Non-Optimal Classifier
Formal result

Theorem  


Let  be the  loss,  a continuous probabilistic classifier and assume the 
-condition:


A. For the Compliant case,  is lower and upper bounded by





B. For the Defiant case, 





ℓ 0/1 g : 𝒳 → [0,1] ϵ

RQ( f )

( 1
2

±ϵ)P( f(X0) = − 1) + P( f(X0) = + 1,Y = − 1)

RQ( f ) = P(Y = − 1)



Non-Optimal Classifier
Implications

Theorem  


Let  be the  loss,  a continuous probabilistic classifier and assume the 
-condition:


A. For the Compliant case,  if





B. For the Defiant case,  if and only if





ℓ 0/1 g : 𝒳 → [0,1] ϵ

RQ( f ) ≥ RP( f )

P(Y = − 1 | f(X0) = − 1) ≥ 1
2 +ϵ

RQ( f ) ≥ RP( f )

P(Y = − 1 | f(X0) = − 1) ≥ 1
2



Non-Optimal Classifier
Interpretation

Recourse will harm the risk if  

A. For the Compliant case, if  approximates the true conditional 

distribution and  performs  better on the negative class


B. For the Defiant case, if  performs better than random on the negative 
class

f
f ϵ

f



Non-Optimal Classifier
Experimental results



Non-Optimal Classifier
Proof sketch (Compliant) Upper/lower: ( 1

2
±ϵ)P( f(X0) = − 1) + P( f(X0) = + 1,Y = − 1)

➡ Every point is now classified as 


➡ The mistakes you make are


➡ Original  but ,


➡ Within -distance of half the original , 


➡Simplify 

+1

f(X0) = + 1 Y = − 1

ϵ f(X0) = − 1

RP( f ) ≤ ( 1
2 −ϵ)P( f(X0) = − 1)



Proof sketch (Defiant) RQ( f ) = P(Y = − 1) > RP( f )

➡ Every point is now classified as 


➡ The mistakes you make are


➡ Original  but ,


➡ Original , but , because the label does not change in this case

+1

f(X0) = + 1 Y = − 1

f(X0) = − 1 Y = − 1

Non-Optimal Classifier



Strategising 




Strategising

Can (P) strategise against this accuracy drop? 

‣ Need to assume that not everyone gets an 
explanation, i.e.


 for some 
r(x0) = 1{∥φ(x0) − x0∥ < D} D > 0

Example

Yes and No

Too much effort



Too much effort Too much effort Too much effort

Exactly the same people get a 
loan 

More effort

Strategising
Example



‣Can generalise this result


‣ Defiant case: Can only be as good as before


‣ Compliant case: In principle, could have arbitrary improvement, but would 
increase the cost for every applicant substantially

Strategising



Strategising
Formal result, a new definitions

Definition


Let  be some model class, define

.


The set of functions induced by the recourse map.


If , we call  invariant under recourse

ℱ
ℱφ := {f′￼: x0 ↦ f(φ(x0)) ∣ f ∈ ℱ}

ℱφ = ℱ ℱ

For example, 


 and . 


Then 

ℱ = {f(x) = sign(a⊤x + b) ∣ a, b ∈ ℝd} r(x0) = 1{∥φ(x0) − x0∥ < D}

ℱ = ℱφ



Strategising
Formal result (Defiant)

Theorem


If  is a recourse invariant model class, then

.

ℱ
min
f∈ℱ

RP( f ) = min
f∈ℱ

RQ( f )

You can only do as well as before



Strategising
Formal result (Compliant)

Theorem


If  is a recourse invariant model class, then

.


Where  depends on  and . 

ℱ
min
f∈ℱ

RQ( f ) ≤ min
f∈ℱ

RP( f ) − γ

γ ∈ ℝ P f

Improvement is possible when ! 

For example, in the Gaussian example


 However, there will be a cost for every individual

γ > 0



Thank you for your attention!


