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Programme of today

‣ Brief introduction to Explainable Artificial Intelligence


‣ Attribution Methods


‣ Recourse and Robustness


‣ Impossibility result


‣ When Recourse is possible

2



Explainable Artificial intelligence (XAI)

 

Interpretable Machine Learning (IML)
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Call for XAI

‣ Fairness: Biases can be detected 
earlier


‣ Trustworthiness


‣ Increases reliability 


‣ Regulation

Some Reasons



Explosion
Explanations



Some issues
Explanations

‣ Easily manipulated


‣ Disagreement problem


‣ Can be Unreliable



Call for Rigor
Explanations

‣ Mythos of model interpretability, [Zachary Lipton, 2017]


‣ Towards a rigorous science of interpretable machine learning, 
[Doshi-Velez, Kim, 2017]


‣ “Interpretability research suffers from an over-reliance on intuition-
based approaches that risk—and in some cases have caused—
illusory progress and misleading conclusions”, [Leavitt, Morcos, 
2020]

Some people liked this

Some people didn’t



Attribution methods




Post-Hoc and local explanations
Setting

Machine learning model, e.g. a classifier: 
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Input to be  
explained

• Local: Only explain the part of  that is 
relevant for x


• Post-Hoc: The function  is given and fixed


f

f



Attribution methods
Setting
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 attributes a weight to each 
feature which explains how important the 
feature was for the classification of  of 


φf(x) ∈ ℝd

x f

Machine learning model, e.g. a classifier: 
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Attribution methods
Example <latexit sha1_base64="6dFZao1IOs4Q5BeWJEjm8dVvPcY="></latexit>
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‣In general  will depend on 


‣Most methods follow this example, by locally linearising around 


f d

f(x) = θ0 +
d

∑
i=1

xiθi

φf(x)i = θi

φf x
x



Examples (LIME)
Lime: Extract local linear approximations of  near  and report coefficients


‣ Optionally: Apply some dimension reduction before linearising. 


f x

Lime for tabular data1

1Image source: https://github.com/marcoctr/lime 

https://github.com/marcoctr/lime


Examples (LIME for Text)
Lime: Extract local linear approximations of  near  and report coefficients


‣ Optionally: Apply some dimension reduction before linearising. 


f x

Lime for text data2

2Image source: https://towardsdatascience.com/what-makes-your-question-insincire-in-quora-26ee7658b010.  

https://towardsdatascience.com/what-makes-your-question-insincire-in-quora-26ee7658b010


Examples (LIME for Images)
Lime: Extract local linear approximations of  near  and report coefficients


‣ Optionally: Apply some dimension reduction before linearising. 


f x

Lime for image data3

(a) Original Image (b) Explaining Electric guitar (c) Explaining Acoustic guitar (d) Explaining Labrador

Figure 4: Explaining an image classification prediction made by Google’s Inception neural network. The top

3 classes predicted are “Electric Guitar” (p = 0.32), “Acoustic guitar” (p = 0.24) and “Labrador” (p = 0.21)

4. SUBMODULAR PICK FOR
EXPLAINING MODELS

Although an explanation of a single prediction provides
some understanding into the reliability of the classifier to the
user, it is not su�cient to evaluate and assess trust in the
model as a whole. We propose to give a global understanding
of the model by explaining a set of individual instances. This
approach is still model agnostic, and is complementary to
computing summary statistics such as held-out accuracy.
Even though explanations of multiple instances can be

insightful, these instances need to be selected judiciously,
since users may not have the time to examine a large number
of explanations. We represent the time/patience that humans
have by a budget B that denotes the number of explanations
they are willing to look at in order to understand a model.
Given a set of instances X, we define the pick step as the
task of selecting B instances for the user to inspect.

The pick step is not dependent on the existence of explana-
tions - one of the main purpose of tools like Modeltracker [1]
and others [11] is to assist users in selecting instances them-
selves, and examining the raw data and predictions. However,
since looking at raw data is not enough to understand predic-
tions and get insights, the pick step should take into account
the explanations that accompany each prediction. Moreover,
this method should pick a diverse, representative set of expla-
nations to show the user – i.e. non-redundant explanations
that represent how the model behaves globally.

Given the explanations for a set of instances X (|X| = n),
we construct an n⇥ d0 explanation matrix W that represents
the local importance of the interpretable components for
each instance. When using linear models as explanations,
for an instance xi and explanation gi = ⇠(xi), we set Wij =
|wgij |. Further, for each component (column) j in W, we
let Ij denote the global importance of that component in
the explanation space. Intuitively, we want I such that
features that explain many di↵erent instances have higher
importance scores. In Figure 5, we show a toy example W,
with n = d0 = 5, where W is binary (for simplicity). The
importance function I should score feature f2 higher than
feature f1, i.e. I2 > I1, since feature f2 is used to explain
more instances. Concretely for the text applications, we set
Ij =

pPn
i=1 Wij . For images, I must measure something

that is comparable across the super-pixels in di↵erent images,

Figure 5: Toy example W. Rows represent in-

stances (documents) and columns represent features

(words). Feature f2 (dotted blue) has the highest im-

portance. Rows 2 and 5 (in red) would be selected

by the pick procedure, covering all but feature f1.

Algorithm 2 Submodular pick (SP) algorithm

Require: Instances X, Budget B
for all xi 2 X do

Wi  explain(xi, x
0
i) . Using Algorithm 1

end for

for j 2 {1 . . . d0} do

Ij  
pPn

i=1 |Wij | . Compute feature importances
end for

V  {}
while |V | < B do . Greedy optimization of Eq (4)

V  V [ argmaxi c(V [ {i},W, I)
end while

return V

such as color histograms or other features of super-pixels; we
leave further exploration of these ideas for future work.

While we want to pick instances that cover the important
components, the set of explanations must not be redundant
in the components they show the users, i.e. avoid selecting
instances with similar explanations. In Figure 5, after the
second row is picked, the third row adds no value, as the
user has already seen features f2 and f3 - while the last row
exposes the user to completely new features. Selecting the
second and last row results in the coverage of almost all the
features. We formalize this non-redundant coverage intuition
in Eq. (3), where we define coverage as the set function c
that, given W and I, computes the total importance of the
features that appear in at least one instance in a set V .

3Image source: [Ribeiro et al., 2016]



Examples (Gradient)

‣Vanilla gradient:




‣SmoothGrad: 




‣Integrated Gradients: 





‣…

φf(x) = ∇f(x)

φf(x) = 𝔼Z∼𝒩(x,Σ)[∇f(Z)]

φf(x) = (x − x0)∫
1

0
∇f(x0 + t(x − x0))dt

4Image source: [Smilkov et al., 2017]

Gradient methods



Counterfactuals

5Image source: [Verma et al., 2020]

Example

"If your Income would have been € 40.000,- 
instead of € 35.000,-, your loan application 
would have been accepted”



Counterfactuals as attributions

Counterfactuals can be seen as Attributions. 

Write



φf(x) = xcf − x

5Image source: [Verma et al., 2020]

Definition 

Consider Binary classification  
and 

let . 


A counterfactual  for  is 





f : 𝒳 → {−1,1}

x ∈ 𝒳

xCF x

xCF ∈ arg min
y∈C

∥x − y∥ s . t . f(xCF) ≠ f(x)



What are Good Explanations/Attributions?

3Image source: [Verma et al., 2020]

‣How to say some explanations are better than others?


‣What is the (implicit) goal of the explanations?



Robustness &

Recourse sensitivity




Robustness
Definition

Similar users require similar 
explanations

x
y

'f (y)

'f (x)

X Rd

An attribution method  for  is called Robust if it 
is continuous

φf f



Recourse sensitivity 
Motivation

User has some goal in mind:


‣ Wants to get a loan


‣ Increase their credit score


‣ Increase a probability 


‣ Wants to upload a profile picture to get an OV 
card.

The explanation should allow the 
user to reach this goal



Recourse sensitivity 
Informal definition

An Attribution method is called Recourse Sensitive if 
the user can achieve a sufficient utility increase when 

moving in the direction of φf(x) x

y

X

A(x)

uf (x, y) � ⌧

= 'f (x)
This is very weak form of Recourse!



Recourse sensitivity 
Utility & Attainable points

Measure if some utility  exceeds some 
threshold :


‣ Undesirable classification: 


‣ Increase score: 


‣ Decrease a probability: 

uf : 𝒳 × 𝒳 → ℝ
uf(x, y) ≥ τ

uf(x, y) = f(y) ≥ 0

uf(x, y) = f(y) − f(x) ≥ τ

uf(x, y) =
f(x)
f(y)

≥
1

1 − p
= τ

Define set of attainable points from 





The set  will impose some constraints. Examples:


‣ , Unrestricted case,


‣ , Sparse change,


‣ ,    
Certain Directions .


x

A(x) = {y ∈ 𝒳 ∣ ∥x − y∥ ≤ δ, y ∈ C(x)}

C(x)

C(x) = 𝒳

C(x) = {y ∈ 𝒳 ∣ ∥x − u∥0 ≤ k}

C(x) = {u ∈ 𝒳 ∣ y = x + αz, α ≥ 0,z ∈ D}
D



Recourse sensitivity 

Consider the points close to  that achieve sufficient utility





An Attribution function  is called Recourse Sensitive 
if 





for all  for which  .

x

U(x) = {y ∈ 𝒳 ∣ uf(x, y) ≥ τ, ∥x − y∥ ≤ δ}

φf

φf(x) = α(y − x), α > 0 and y ∈ U(x),

x ∈ 𝒳 U(x) = Ø

Definition

Definition

x

y

X

A(x)

uf (x, y) � ⌧

= 'f (x)



Recourse sensitivity 
Example

Provides Recourse!

Provides No Recourse!

Profile Picture Gradient LIME manual LIME auto SHAP

(a) Accepted profile picture (b) Rejected profile picture



Impossibility




Attribution methods cannot always


• Provide Recourse 


• Be Robust

Impossibility result



Impossibility result
Setting


• ,


• ,


• , .

𝒳 = ℝd

uf(x, y) = f(y)
τ = 0 δ > 0

Specific case (Binary classification)

There exists a continuous function  such that no attribution method  can be both 
recourse sensitive and continuous

f φf

Theorem



Proof sketch
R = {x ∣ recourse is possible by moving at most δ left}
L = {x ∣ recourse is possible by moving at most δ left}

<latexit sha1_base64="4ruAH2gRev/Z6eqeC/O0Ht3HZC4="></latexit>
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Proof sketch
R = {x ∣ recourse is possible by moving at most δ left}
L = {x ∣ recourse is possible by moving at most δ left}

<latexit sha1_base64="4ruAH2gRev/Z6eqeC/O0Ht3HZC4="></latexit>
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φf(x) =
< 0 for x ∈ L∖R
> 0 for x ∈ R∖L
≠ 0 for x ∈ L ∩ R



Proof sketch
R = {x ∣ recourse is possible by moving at most δ left}
L = {x ∣ recourse is possible by moving at most δ left}

<latexit sha1_base64="4ruAH2gRev/Z6eqeC/O0Ht3HZC4="></latexit>
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But this contradicts continuity!

(By the intermediate-value theorem)


This example can be embedded into higher 
dimensions


φf(x) =
< 0 for x ∈ L∖R
> 0 for x ∈ R∖L
≠ 0 for x ∈ L ∩ R



Recourse sensitivity 
Example

Provides Recourse!

Provides No Recourse!

Profile Picture Gradient LIME manual LIME auto SHAP



Attribution methods cannot always

• Provide recourse 

• Be continuous

Impossibility result 
General case

If  is of the form  and if there exist  such that  and 
. 


Then, there exists a continuous  for which no attribution method  can be both recourse 
sensitive and robust. 

uf uf(x, y) = ũ( f(x), f(y)) z1, z2 ∈ ℝd ũ(z1, z2) ≥ τ
ũ(z1, z1) < τ

f : 𝒳 → ℝ φf

Theorem



Impossibility result 
Proof sketch

<latexit sha1_base64="gKVMPuh/mLpeK/W7giBSQynH+F4="></latexit>
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Define

• Take  such that .


• ,


• .


z1, z2 ũ(z1, z2) ≥ τ
L = {x ∈ 𝒳 ∣  there exists some y ∈ [x − δ, x] with uf(x, y) ≥ τ}
R = {x ∈ 𝒳 ∣  there exists some y ∈ [x + δ, x] with uf(x, y) ≥ τ}
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When is Recourse and 
Robustness possible?



Recourse and Robustness is possible sometimes

‣ Preferred class (  ) 


‣ Let  be convex


‣ Then Recourse and Robustness is possible!


uf(x, y) = f(y) ≥ 0

U = {x ∈ 𝒳 | f(x) > 0}

Binary classification

<latexit sha1_base64="dnuIe9tVqbHx9xENXUCgPrw0o3U="></latexit>

f(y) > 0f(y) < 0

x
'f (x)

φf(x) = PU(x) − x



‣ General Utility 


‣  become  dependent


‣ We need:


• “Continuity of ”


• Projections should exist and be unique


uf(x, y)

U(x) = {y |uf(x, y) ≥ τ} x

U(x)

<latexit sha1_base64="dnuIe9tVqbHx9xENXUCgPrw0o3U="></latexit>

f(y) > 0f(y) < 0

x
'f (x)

φf(x) = PU(x) − x

Recourse and Robustness is possible sometimes
General case



Set-valued function :


‣ Upper Hemi-continuity: U(x) cannot suddenly explode


‣ Lower Hemi-continuity: U(x) cannot suddenly implode

U : 𝒳 → 2𝒴

Hemi-continuity

UHC, but not LHC4 LHC, but not UHC4

5Image source: https://en.wikipedia.org/wiki/Hemicontinuity 

https://en.wikipedia.org/wiki/Hemicontinuity


Recourse and Robustness is possible sometimes
General case

Let  be a continuous function and  a utility function with the following properties:

1. For every , the projection onto  exists and is unique;

2. The set-valued function  is Hemi-continuous and closed.


Then the function given by:




Is a recourse sensitive and robust attribution map. 

δ > 0, τ ≥ 0, f : 𝒳 → ℝ uf(x, y)
x ∈ 𝒳 U(x)

U(x)

φf(x) = arg min
y∈U(x)

∥x − y∥ − x = PU(x)(x) − x

Theorem



Recourse and Robustness is possible sometimes
General case

Let , assume that:


1. The function  is a continuous function;


2. The set-valued  is semi-continuous, never empty, and attains compact sets. 


Then, the parametrized optimization problem  is continuous and the set-valued solution function 

 is UHC and compact-valued

𝒳, 𝒴 ⊆ ℝd

v : 𝒳 × 𝒴 → ℝ

U : 𝒳 → 2𝒴

v*(x) := inf
yinU(x)

v(x, y)

U*(x) = {y ∈ U(x) ∣ v*(x) = v(x, y)}

Berge’s Maximum Theorem



Recourse and Robustness is possible sometimes
General case

Let  be a continuous function and  a utility function with the following properties:

1. For every , the projection onto  exists and is unique;

2. The set-valued function  is Hemi-continuous and closed.


Then the function given by:




Is a recourse sensitive and robust attribution map. 

δ > 0, τ ≥ 0, f : 𝒳 → ℝ uf(x, y)
x ∈ 𝒳 U(x)

U(x)

φf(x) = arg min
y∈U(x)

∥x − y∥ − x = PU(x)(x) − x

Theorem

Proof idea:

‣Berge’s Maximum Theorem gives Continuity almost immediately

‣ 


‣  is not compact, but there are general versions of Berge that deal with this case

‣Check that Recourse sensitivity is satisfied

v(x, y) = ∥x − y∥
U(x)



Attribution methods can


• Provide Recourse 


• Be Robust


In the case of Single Feature Recourse Sensitivity and  and  are 
sufficiently disjoint. 

L R

Full Characterisation in the Single-Feature Case



Characterisation
Warm up,  
One dimensional case

Define

• ,


• .


L = {x ∈ 𝒳 ∣  there exists some y ∈ [x − δ, x] with uf(x, y) ≥ τ}
R = {x ∈ 𝒳 ∣  there exists some y ∈ [x + δ, x] with uf(x, y) ≥ τ}

Let   and let  be a utility function with  for all . Then, there exists a 
continuous recourse sensitive attribution method  for  if and only if there exists  and  such 
that  

and  and are separated. 

δ, τ > 0, f : 𝒳 → ℝ uf uf(x, x) < τ x ∈ 𝒳
φf f L̃ ⊆ L R̃ ⊆ R

L̃ ∪ R̃ = L ∪ R
L̃ R̃

Definition 
Two sets  are called separated  if A, B ⊆ 𝒳 cl(A) ∩ B = A ∩ cl(B) = Ø

Theorem



Characterisation
Warm up,  
One dimensional case

Allowed Not Allowed

[    )   (    ]
L 
R

[   (     )    ] 

[      )(      ]

[     (  )     ]

[      ](      ]

[      )[      ]



Conclusion
Summary: 

‣ There exist  for which recourse sensitivity + robustness is impossible, for 
several machine learning tasks


‣ There are cases for which it is possible, but they require strong conditions


‣Full Characterisation for Single-Feature case


‣ Further extensions in the paper:


‣ Sufficient Conditions for when Recourse and Robustness is possible


‣Discussion on possible ways around this Impossibility result


‣Constraints on user actions

f



Thank you for your attention!
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