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Abstract

In the classical theory of optimal transport, it is well known that the solution is stable with respect
to weakly converging sequences. However, the issue of stability of the martingale optimal trans-
port problem has long been unresolved. Knowing that the martingale optimal transport problem
is stable is quite pressing, as it would make finding efficient numerical methods easier. Moreover,
martingale optimal transport is widely used in the field of robust finance, for which stability is
essential. Only recently, a proof of stability in the one dimensional case was independently given
by Backhoff-Veraguas and Pammer [5], and Wiesel [55].

In this thesis we will investigate the former proof in great detail. The proof utilises many new
methods and techniques to establish optimality. Most notably, in the classical theory of optimal
transport it is possible to establish stability through the notion of ‘c-cyclical monotonicity’. It
was needed to generalise c-cyclical monotonicity and to consider the optimal transport problem
not on the space R x R, but on R x P,(R) for r € [1,00). This leads to a ‘weak’ version of the
martingale optimal transport problem for which we can define a new type of monotonicity, called
martingale C-monotonicity. We will show that martingale C-monotonicity is stable with respect to
converging sequences in the Wasserstein topology. This stability allows us then to derive stability
of the martingale optimal transport problem. We will introduce all the new techniques, explain
their motivation, and prove the results relevant to the proof of stability.

Finally, we will introduce a computational method for the martingale optimal transport prob-
lem developed by Guo and Obt6j and discuss two explicit examples to showcase its effectiveness
[28].
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Notation

Example(s) Description

X,y Calligraphic capital letters will denote sets. In most cases, these sets will be
Polish spaces.

T, Whenever I' C X’ x ), the x in the subscript will indicate the fibre, i.e. T', =
{yeY|(z,y) €T}

Br(x) Whenever Br(z) C X and X is a metric space with metric d, then Br(x) =
{y € X|d(x,y) < R}, the open ball around = with radius R.

C(Xx) The collection of all continuous functions from X" to R.

Cy(X) The collection of all continuous and bounded functions from X to R.

L>(Xx) The collection of all bounded measurable functions from X to R.

LP(X) The collection of measurable functions, f : X — R, with [, [|f(2)||” u(dz) <
oo for p € [1, 00).

B(X) The collection of all bounded functions from X" to R.

o(Z) If 7 is a set of sets, then this denotes the smallest sigma algebra containing Z.
If 7 is a collection of functions, then it is the smallest sigma algebra making
those functions measurable.

o (1), If 7 is a set of sets, then this denotes the set of bounded functions that are
measurable with respect to the sigma algebra generated by Z. Similarly, if Z
is a collection of functions, then it is the set of bounded measurable functions
with respect to the sigma algebra generated by those functions.

B(X) The Borel o-algebra of X.

P(X) The space of probability measures on X.

Pr(X) The space of probability measures on X equipped with the Wasserstein-r
topology. See Definition 1.5.3 for more information.

W (i, v) The Wasserstein-r distance between two measures u, v € P,(X). See Defini-
tion 1.5.1 for more information.

proj; Let X x ... x X be some n-dimensional space. The function proj, is the pro-
jection onto the 7’th component.

IT (p,v) The collection of all couplings between , v, i.e. all probability measures IP €
P (X x V) with P o proj;* = pand P o proj, ' = v. See Definition 0.0.3 for
more information.

M(p,v) The set of all martingale couplings between y and v. See Definition 2.1.1 for
more information.




The abundance of areas where optimal transport is relevant
only reflects the fact that optimal transport is a simple,
meaningful, natural and therefore universal concept.

— CEDRIC VILLANI

Introduction

The subject of optimal transport has a long and rich history dating back to the mid Eighteenth
century. Since then it has been touched by many great mathematicians and advances in the field
were commonly followed by many prizes and accolades. A subject that once started by the simple
question, "How can I move building material from its origin to the construction site as efficiently
as possible", has since grown out to a theory that has touched many different areas of science.
Some of those areas are geometry [23], fluid dynamics [45] and statistics [38]. More recently,
machine learning [2, 3], computer vision [43] and finance [20, 29, 10] can be added to that list.

TN

Figure 0.1.: Monge formulation of the OT problem where the measures ;. and v consist of densi-
ties.

The first notion of optimal transport was by Gaspard Monge in 1781 his paper, Mémoire sur la
théorie des déblais et des remblais, loosely translated to On the theory of extracting material and
construction [37]. Monge looked at the problem of extracting a certain amount of soil from a mine
or quarry and transporting it to the construction site. The only thing that was known, was the
amount of soil needed, the original form, and the resulting form. What needed to be determined
is the mapping from the original form to its transported form. Mathematically, we can formalise
this in the following way. The starting shape can be represented as a measure y on a space called
X and the resulting form can also be represented by another measure v on another space called
Y. For each point x € X that is moved to another point y € ) we assign a cost ¢(x,y). The
problem then is to find a map 7' : X — ) that minimises

/c(a:,T(ac)),u(dx). (0.1)
X

However, we cannot consider any map 7. The map needs to send p precisely to v. This is
formalised by saying that the push-forward measure p o T~ is equal to v.

Definition 0.0.1 [Push-forward]. Let X', ) be a Polish spaces, with probability measure . € P(X)
and a Borel measurable map 7' : X — ). We denote by p o T~! the push-forward measure of
by T'. It is defined as

poT HA) =T HA) VAe B(X).

Monge made many theoretical advances in the case where X = ) = R? and the cost function
was of the form ¢(z,y) = |x — y|. However, a general solution to the problem was not found. The



reason being that the formulation Monge considered was very strict and difficult. In particular,
the problem is non-linear in T’ and the set {T': X — Y |uoT~! = v} is not well behaved. It is
rarely compact for example. Furthermore, minimizing maps may not even exist!
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Figure 0.2.: Left: the Monge formulation of the optimal transport problem, Right: the Kan-
torovich formulation of the optimal transport problem. Note that in the Kantorovich

case, points in the support of x can be send to multiple target points. The measures
w1 and v are discrete measures in both cases.

It took almost 200 years to make further significant progress when the Russian mathematician
Leonid Vitaliyevich Kantorovich formulated a weaker version of the optimal transport problem in
1942 in his paper On the transfer of mass [33]. Instead of looking at maps that push y on to v,
he considered product measures whose first marginal is equal to p and their second marginal is
equal to v.

Definition 0.0.2 [Marginals]. Let X', ) be Polish spaces, 7 € P(X x )). Then, the marginal of
7 on X is defined as the measure given by 7 o projl_l, where proj; : X x YV : (z,y) — =, is the
projection onto the first component. Similarly, we define the marginal of 7 on ), as 7 o proj, .

Definition 0.0.3 [Couplings & transport plans]. Let X', ) be two Polish spaces with probability
measures 4 € P(X) and v € P(Y). We denote by II(u, v) the space of measures which have p
and v as their marginals,

(p,v) == {7 € P(X x )| 7 oproj;* = p, moproj, ' =v}.

A measure 7 € II (u,v) is called a coupling between n and v. In the literature 7 is also referred
to as a transport plan.

Essentially, Kantorovich allowed each point in X" to be split up and sent to different points in
Y, while in Monge’s case a point in X’ can only be sent to one unique point in ). The resulting
problem Kantorovich tried to solve is to find the value or the minimizing measure of

inf c(z, dz,dy).
it clen(dedy)
XxY

Kantorovich realised that one could turn this minimization problem into another maximization
problem, called the dual problem. He needed quite technical results from functional analysis and
convex analysis to show that this dual problem exists and is in fact equivalent to the original prob-
lem. This dual problem allowed him to solve the problem and devise numerical approximation
schemes.

It took some time for this theory to reach the general public. The USSR was involved in an
armed conflict with Germany at that time and Kantorovich work proved to be very helpful to
the authorities. Kantorovich was also not unaware of the usefulness of his theoretical work and
made sure that his work was only published in Russian in a limited capacity [17]. The way his
theory was utilized was by finding an optimal assignment of food and supplies from storage units



to the war front. It was of course in the USSR’s best interest that this application was not found
by their opponents. In the end, his results were published, which even resulted in him winning
a Nobel prize for Economics together with the Dutch-American mathematician and economist
Tjalling Koopmans.

After Kantorovich a whole sequence of influential mathematicians worked on this problem in
different settings. There are too many to name them all in this introduction, see for example
the two books written by Villani for a more comprehensive overview [53, 54], but we do present
some of them to give an impression of the breadth of the different topics: Wilfrid Gangbo and
Robert McCann studied the geometry of optimal transport [26], Yann Brenier was able to connect
optimal transport with fluid dynamics [15] and Svetlozar Rachev and Ludger Riischendorf used
the theory of optimal transport to prove several limit theorems for random processes [42].

The application of optimal transport that is considered in this thesis first appeared at the start
of the 2010’s. Multiple articles appeared in the field of robust finance using the theory of optimal
transport to derive bounds for prices of exotic options [25, 1, 10, 20]. The idea of robust finance
is to find bounds for the prices of these financial products without imposing a model and was
pioneered by Hobson in 1998 [30].

Consider the following setting: we have two probability measures x and v. The measure
u indicates the distribution of the price of a stock at time 0, which we will indicate with Sj.
Likewise, the measure v represents the distribution of the price of the stock some time 7" in the
future, indicated by S7. An exotic option is then a measurable function ¢ of these two prices.
In the non-robust setting, one would construct a model for the price process of (S;)L, that has
1 and v as their initial and terminal distribution. This process would then allow us to find a
coupling = between  and v. From this measure we can calculate the price

P = Er[g(S0, ST)]-

We want this price to be fair, i.e. someone that buys the option will on average not gain or lose
any money on it. This means that the process (S;)]_, should actually be a martingale. Thus, we
impose the restriction on 7 that it should be a martingale measure.

Returning to the robust setting, we do not want to impose an explicit model for the process
(S¢)E, because this can lead to biases and prices that do not reflect the correct value of the
process. The financial crisis of 2008 is an example where these kinds of models were not able to
correctly calculate the prices of financial products. So, what is the next best thing we can do?
Well, we can find bounds for the price, by looking at the worst and best case scenarios. This
means that we look at all martingale measures = that are compatible with p and v. Call this set
M(p, v) and consider

Phigh = sup En[g(so, ST)]7 Pow = inf E; [9(807 ST)]
TEM(p,v) meEM(p,v)

This looks very similar to the Kantorovich formulation of the optimal transport problem. The only
difference is that we only look at martingale couplings instead of all couplings. Since the intro-
duction of this martingale optimal transport problem it has become an interesting problem on its
own [11, 21] and researchers started working on computational methods to efficiently calculate
the optimizing measure [28], which we will call 7*. However, there was no guarantee that the
mappings, (u,v) — 7, (i,V) — Phign, and (u,v) + P, were continuous. This is a problem
when deriving computational methods, because it complicates the question of convergence in
numerical methods. However, two independent proofs by Gudmund Pammer and Julio Backhoff-
Veraguas [5], and Johannes Wiesel [55], appeared in 2019 that showed that these mappings are
indeed continuous in the case of X =) = R!



The objective of this thesis is to discuss the proof given by Julio Backhoff-Veraguas and Gud-
mund Pammer in detail. The methods used to show this result were all developed in the not
too distant past and are relatively unknown. In this thesis we collected all the relevant methods
needed for the proof. For the reader this should result in proof that is almost entirely self con-
tained and where all big leaps are worked out carefully for the less experienced reader in this
subject.

In Chapter 1 we will briefly go over the classical theory of optimal transport as formulated
by Kantorovich. We will show that a minimizer always exists and in particular that finding the
minimizer is a continuous operation under suitable conditions. Additionally, we will introduce the
Wasserstein space, which is a space of measures, whose topology resembles the weak topology
and is intimately related to optimal transport. In Chapter 2 we will introduce the martingale
optimal transport problem formally. Likewise, we will show that a minimizer always exists under
appropriate conditions. Afterwards, we will introduce the concepts of monotonicity and optimal
transport in the space R? x P(R?), that will be vital for the stability proof. Then, the stability
results and their proofs are provided. Chapter 3 will expand on the monotonicity of the martingale
optimal transport problem and we will discuss it in a more general form. Likewise, Chapter 4 will
expand on topological features of the space of measures on R? x P(R%). There, we will motivate
the usefulness of the optimal transport problem on this new space and introduce the concept of
so called adapted weak topologies. Finally, in Chapter 5 we will discuss a computational method
for the martingale optimal transport problem and discuss some examples.



1. Optimal transport

This chapter serves as a crash course in the theory of optimal transport. We will introduce the
problem formally and show several important results related to existence and stability of the
solution of the problem. The proofs of these results will mostly be referenced, as they are all
established results in the literature.

The topic of stability is closely related to a concept called c-cyclical monotonicity. The idea of
monotonicity will prove vital when we discuss the martingale case of this problem in Chapter 2.

We will finish this crash course with the introduction of the Wasserstein space. This is a space
of probability measures with a metric defined through an optimal transport problem. This space
has many applications and is widely used in the theory of random processes and statistics. In
the chapters to come, we will be discussing various convergence and topological results in the
Wasserstein space. So, a good understanding of them is required.

1.1. Setting

In the sections to come, we will consider specific types of spaces. These are called Polish spaces
and they are defined as follows.

Definition 1.1.1 [Polish space]. A Polish space is a separable completely metrizable topological
space.

Lemma 1.1.2 [ N-product of Polish space]. If X is a Polish space, then the N-product space
AV =X x...xX
is also a Polish space.

Proof. The space X can be endowed with a compatible metric d. We can define a metric on X'V

N
dN(.’L‘,y) = Zd<$17yl)a T = (xlv"' 7$N)7y = (2/17---7Z/N) e X.
i=1
It can easily be verified that this is indeed a metric and makes the space XV complete. O

We will be working with probability measures defined on X'. The set of probability measures
will be denoted by P(X). Unless stated otherwise, we will always consider probability measures
defined on the Borel o-algebra of a Polish space X'.

Definition 1.1.3 [Probability measures]. Let X’ be a polish space with the Borel o-algebra B(X),
we denote by P(X') all Borel probability measures on X.

A specific type of measure that will return many times is the Dirac measure.

10



Definition 1.1.4 [Dirac measure]. Let X be a Polish space with Borel o-algebra B(X'), for a € X,
we denote by §, the Dirac measure at the point a, which is defined by

5a(B) = {2 Z ig B € B(X).

In particular, for f € Cy(X) this means that

/ F(@)0a(dz) = f(a).
X

1.2. Duality & Existence

We now have enough definitions at our disposal to introduce the optimal transport problem for-
mally.

Definition 1.2.1 [Optimal transport problem]. Let X', ) be two Polish spaces with probability
measures y € P(X),v € P(Y) and ¢ : X x Y — R measurable with respect to the product
o-algebra on X’ x ). The function c is also commonly referred to as the cost function. The optimal
transport problem is then defined by either finding the value or the minimizing coupling of the
following quantity:

V(,v) = ﬂeliﬁfw) / c(z,y) 7 (dz,dy). (OT)
Taky

One of the most important features of the optimal transport problem is that it allows a dual
formulation. This dual formulation is of both theoretical and practicable interest. However, we
will not deal with this notion often in this thesis and it is added for completeness of the theory
only. The interesting result for the dual problem is that in most cases the optimal value for the
dual problem agrees with the optimal value for the OT problem.

Definition 1.2.2 [Dual formulation OT problem]. Let X', ) be two Polish spaces and p € P(X),
v € P(Y) two probability measures and define

Do, v) = {(¥, ) € L' X, 1) x L'V, v) | p(y) — ¢(x) < c(z,y)} -

The dual formulation for the OT problem in Definition 1.2.1 is

w / o (y) v(dy) — Z (x) p(da).

) EDc (1,
(Yp)€ (uvy

A natural question to ask is: "Does there exist a minimizing coupling for the OT problem?"
Luckily, this is the case. To see why this is the case, we first remark that the set of couplings
II(p, v), as defined in Definition 0.0.3, is in fact compact.

Lemma 1.2.3 [Compactness of couplings]. Let X', ) be two Polish spaces with probability measures
pu € P(X)and v € P(Y). Then, the set I1(u, v) is compact in the weak topology.

Proof. See the beginning of the proof of Theorem 4.1 in [53]. O

11



In the proof of compactness of II(yu, ) the author actually shows that II(u, v) is sequentially
compact. This is enough to establish compactness, because the weak topology for probability
measures is metrizable, using for example the Lévy-Prokhorov metric. The following theorem
establishes that result.

Theorem 1.2.4 [Weak topology is metrizable]. Let (X, d) be a metric Polish space and define for
any set A C X, the e-neighbourhood,

A :={y € S:d(z,y) < efor some x € A}.
Furthermore, for two probability measures u, v € P(X) we define the Lévy-Prokhorov metric as
p(p,v) :=inf{e > 0| u(A) < v(A°) + € for all Borel sets A}.
Then, the metric p metrizes the weak topology on the set of probability measures.

Proof. See the proof of Theorem 11.3.3 on page 395 of [22]. O

Next, we show that sending a measure to the integrated cost value is at least lower semicon-
tinuous in the weak topology.

Lemma 1.2.5 [Lower semicontinuity of the cost functional]. Let X', ) be two Polish spaces, and
c: X xY — RU{+oo} a lower semicontinuous functions with respect to the product topology. Let
h:X xY — RU{—oc0} be an upper semicontinuous function with respect to the product topology,
such that c(xz,y) > h(x,y). Let {my }ren be a sequence of probability measures on X x Y, converging
weakly to some © € P(X x V) in such a way that h € L'(m,) N L'(x) for all k € N and

k—oo
X'x)Y XxY

lim h(z,y)m,(de, dy) = / h(z,y)n(dz,dy).

Then

/C(azjy)w(dx,dy)glikminf / c(z,y)m(dz, dy).
—00
XXY XxY

In particular; if ¢ is non-negative, then m — fXxy c(z,y)m(dz,dy) is lower semicontinuous on P (X x
Y) in the weak topology.

Now that we know that the cost functional is lower semicontinuous and its domain is compact,
it should be intuitive that a minimizer exists. The following result solidifies this belief.

Theorem 1.2.6 [Existence of an optimal coupling]. Let X', ) be two Polish spaces with two prob-
ability measures 1 € P(X),v € P(Y); leta: X - RU{—-occ}andb: Y — RU {—oc0} be two
upper semicontinuous functions such that a € L'(u),b € L*(v). Let ¢ : X x Y — [0, 00] be a lower
semicontinuous function, such that c(z,y) > a(x) 4+ b(y) for all x € X,y € ). Then there exists a
coupling * € II(u, v) which attains the minimal value V (i, v) of (OT).

Proof. Let {m}ren be a sequence of couplings between p and v such that

lim c(z,y)mi(dz,dy) = inf / c(z,y)m(dz, dy).
k—o0 eIl (p,v)
X xY AxY

12



By compactness of II(y, v) in the weak topology , we can find a 7* € II(u, v) such that my, — 7*
weakly for some subsequence {k, }ren. We can use lower semicontinuity of the cost functional
to show that 7* is actually the minimizing coupling. From Lemma 1.2.5 we can see that

| clwmtdndy) <timint [ cwpm,@ndi) = nt | clog)n(do.dy)
n—oo S vV

XY XY 8 XY

So, we see that 7* is minimizing. We are allowed to use Lemma 1.2.5, because h(z,y) = a(z) +

b(y) lies in L'(x) and L'(n;). Furthermore, we have that c(z,y) > a(z) + b(x) = h(z,y) by

assumption. Finally, we have

lim h(z,y)m,(dz,dy) = klg]élo a(z)p(dz) + /b(y)l/(dy) = / h(z,y)n(dz, dy).

k—o0
XxY X y AxY

1.3. c-cyclical monotonicity

We are now in the position to introduce c-cyclical monotonicity, a definition that was alluded to
multiple times before.

Definition 1.3.1 [Cyclical monotonicity]. Let ¢ : X x ) — RU{+o00} be a function. A subset I" C
X x ) is said to be c-cyclically monotone if, for any N € N, and any family (z1,v1),..., (z~,yn)
of points in T', the inequality

(@i, yi) < Z (i, Yit1)

i=1 =1

holds, with the convention that yx.1 = y;. A transport plan is said to be c-cyclically monotone if
it is concentrated on a c-cyclically monotone set.

The intuition behind this definition is the following and, unsurprisingly, finds it origin in op-

timal transport. Assume that we have found some minimizing coupling called = and we look at
its support. Further assume that 7 is a discrete measure with uniform weights. We can pick N
points (z1,y1),. .-,
(xn,yn) from it support. If we now cyclically permute the y component of these points, as in
the definition of c-cyclical monotonicity, we get the points (z1,y2), ..., (zn, y1). If we replace the
original points with these new points in the support of 7, then we get a new coupling 7. As this
is not the optimizing measure 7 it should be obvious that the new points cannot perform better
with respect to the cost function, which is precisely what happens in the definition of c-cyclical
monotonicity. If one treats this example formally, it can be shown that ¢-cyclical monotonicity is
a necessary condition for optimality in the OT problem. What is maybe even more surprising, is
that it is even sufficient for optimality!

Theorem 1.3.2. Let X', ) be two Polish spaces and let ¢ : X x ) — [0, 00) be a lower semicontinuous
function such that

c(r,y) = a(z) +b(y) V(r,y) € X x Y

for real-valued upper semicontinuous functions a € L'(;) and b € L*(v). If the optimal cost V (u, V)
is finite, then there exists a measurable c-cyclically monotone set I' C X x )Y such that for any
7 € II(u, v) the following statements are equivalent:

13



(a)  is optimal;
(b) m is c-cyclically monotone;
(¢) mis concentrated on T
If we further assume that c is continuous, then we can ensure that I' = supp()

Proof. See the proof of Theorem 5.11 on page 57 in [53]. O

1.4. Stability of the optimizer

One might think that c-cyclical monotonicity is nothing more than a funny consequence of opti-
mality. However, it is precisely the reason why the solution of the OT problem is stable! It turns
out that the notion of c-cyclical monotonicity is itself stable, which allows us to show stability of
the optimizer.

We can now state the stability result for the OT problem. It shows that the value V' (u,v)
and its optimizer, if a unique optimizer exists, acts continuously with respect to (u, ). This is
precisely the type of result that was missing for the martingale optimal transport problem, until
recently. In Chapter 2 we will introduce this important new result, which establishes stability for
the martingale case of the OT problem.

Theorem 1.4.1 [Stability of Optimal transport]. Let X and ) be Polish spaces, and let ¢ : X x
Y — [0,00) be a continuous cost function. Let {ck}ren be a sequence of continuous cost functions
converging uniformly to con X x Y. Let {u }ren and {vy }ren be sequences of probability measures
on X and Y respectively. Assume that {p }ken and {vy }ren converge to p and v, respectively, in the
weak topology. For each k € N, let mj, be an optimal coupling between py, and vy. If

Vk € N, / cx(x, y)mi(de, dy) < oo,
XxY

then, taking subsequences and relabelling if necessary, m; converges weakly to some c-cyclically mono-
tone coupling 7 € II(u, v). If moreover,

lim inf / ck(z,y)mp(de, dy) < oo,
keN
XxY

then the optimal transport cost V (u, v) is finite, and w is an optimal coupling.

Proof. See the proof of Theorem 5.20 on page 77 in [53]. O

1.5. Wasserstein space

The final section of this chapter will serve as an introduction to the Wasserstein space. This
space of probability measures is a natural consequence of the optimal transport problem with the
compatible metric d as its cost function. The topology that is generated is almost similar to the
weak topology, but is slightly stronger. However, it allows for a metrizable topology that is even
separable. First, we need to introduce the metric on this space.

Definition 1.5.1 [Wasserstein distance]. Let (X', d) be a Polish metric space, and let r € [1, c0).
For any two probability measures u, v on X, the Wasserstein distance of order r (also denoted as
the Wasserstein-r distance or WW,.-distance) between 1 and v is defined by the formula

1

r

We(p,v) = ﬂeirﬂfw) / d(z,y)" m(dz, dy)
Tk
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Proposition 1.5.2 [Wasserstein distance]. Let (X, d) be a Polish metric space, r € [1,00). Then,
the Wasserstein distance of order r is a metric.

Proof. See the proof after Definition 6.1 on page 94 in [53]. O

Definition 1.5.3 [Wasserstein space]. Let (X, d) be a Polish metric space, r € [1,00) and zy € X,
the Wasserstein space of order r (also denoted the Wasserstein-r space) is defined as

PT‘(X) = MEP(X)

/d(mo,x)’" p(dz) < oo

X

Proposition 1.5.4. Let (X, d) be a Polish metric space, r € [1, ), The space P, (X) does not depend
on the choice of the point xo and W, defines a finite metric on P,(X).

Proof. See the proof after Definition 6.4 on page 95 in [53]. O

We can argue that WV, is a natural metric to consider on the space P, (X’). Namely, consider two
points z,y € X with their Dirac measures ¢, and J,,. The only coupling between those measures
is the product measure, which results in the following Wasserstein distance

r

Wi(0s,8y) = /d(xﬁy’)ragc(da:’)ay(dy') = d(z,y).
XxX

We can see from this example, that W, allows us to isometrically embed X into P,(X’) through
the map z — J,.

The topology that is created using this metric can be tied to the weak topology of probability
measures in the following sense.

Theorem 1.5.5. Let (X, d) be a Polish metric space, r € [1,00), u € P,(X) and a sequence { ik } keN
with py, € Pr(X) for all k € N, then the following statements are equivalent
D Wy (e, 1) = 0;

) o o weakty, and [ dteo,) (de) = [ dCoo o) pldo;
X X

(iii) pr — p weakly, and limsup/d(aco,x)r pr(de) < /d(mo,m)r w(dz);
k—ro0
X X

(iv) pp — p weakly, and lim limsup / d(xo,x)" p(dz) = 0;
R—00 psoo
X\Br(z0)
(v) For all continuous functions ¢ for which there exists a C' € R such that |o(z)| < C(1 +
d(zg,x)"), one has

/ (@) (dz) — / (@) p(dz).
X X

Proof. See the proof of Theorem 6.9 on page 101 in [53] O

In some cases we will look at product measures, whose components converge in the W,.-
topology. The following lemma tells us that the product measure also converges in that case.

15



Lemma 1.5.6. Let (X, d) be a Polish metric space and {py}ren With pg,p € P(X) and pr, — p
in the W,-topology. Consider the N-product measure p?N with N € N. Then it is also true that
PN — p®N in the W) -topology. In particular, p?™ — p®N weakly as well.

Proof. By Lemma 1.1.2, we already know that X"V is a Polish space with metric d. We see,

where for convenience we have set z = (z1,...,zx) and y = (y1,...,YN),
W RN ) = inf / d" (x,y)y(dz, dy)
YN (pPN pN)
XN xxN

<Z inf /d(xi,yi)ﬂ(diﬁi;dyz’)

wET(pg,p)
XxX
= NW,(pk,p) — 0.

O

We conclude this section with the fact that the Wasserstein space is itself a Polish space, when-
ever the underlying domain is Polish.

Theorem 1.5.7 [Topology of the Wasserstein space]. Let (X, d) be a Polish metric space, r € [1,00),
then the Wasserstein space (P,(X),W,) is also a Polish metric space. Moreover, any probability
measure p € P,(X) can be approximated in W,-topology by a sequence of probability measures
{pk }ken with py, € Pr(X) and |supp(pk)| < oo for all k € N.

Proof. See the proof of Theorem 6.18 on page 105 in [53]. O
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2. Martingale Optimal Transport

In the previous chapter, the classical OT problem was introduced. Moreover, we illustrated how
optimality of a coupling 7 can be read of a set I' with 7(I") = 1, by checking if I" is c-cyclical
monotone. Whenever c is continuous, it is even only necessary to check the support of = by Theo-
rem 1.3.2. In this chapter we will introduce a stochastically restricted version of the OT problem,
called martingale optimal transport. The martingale version of the optimal transport problem
finds its origin in the pricing of exotic options in a robust, or model-independent setting [10, 20,
29]. Unfortunately, c-cyclically monotonicity will no longer be enough to check optimality for the
martingale optimal transport problem. So, we will need a new definition of monotonicity. Even
though the martingale version of the OT problem has been known and used for quite some time,
a stability result in the same vein as Theorem 1.4.1 was not known to be true until recently. Af-
ter the introduction of the martingale optimal transport problem, we will state this new stability
result for the case X = ) = R, which was given and proved by Backhoff-Veraguas and Pammer
in [5]. Once the problem statement is clear, we will introduce the necessary tools to prove this
result. Although much of theory can be done on a high level of generality by considering general
Polish spaces X and ), we will assume that X = ) = R? for some d € N. We do not lose much
generality, as most of the proofs can be copied almost verbatim in the general case, but it allows
us to discuss the results in a more familiar setting.

2.1. The problem

As was stated in the introduction of this thesis and this chapter, martingale optimal transport finds
its origin in the theory of robust finance. In that field, the goal is to find prices, or at least bounds
on prices, that do not depend on an underlying model, such as the Black-Scholes or Hull-White
model.

Recall the example given in the introduction of this thesis. We had two stock prices Sy and St,
whose laws were given by the measures i, and v respectively. We also had a measurable function
g representing some financial derivative. The next step was to look at all martingale measures
7 that are compatible with x4 and v. Formally, this means that = must be a martingale coupling
between p and v.

Definition 2.1.1 [Martingale coupling]. Let (£, F,P) be a probability space, X,Y : Q — R?
random variables and p,v € P (R?). A coupling 7 € II(y,v) € P(R? x RY) is a martingale
coupling if

EY | X]=X for(X,Y)~m.
The set of all martingale couplings is denoted M (u, v).

For our setting it is beneficial to look at an equivalent definition of a martingale coupling, as it
allows us to easily do calculations.

Theorem 2.1.2 [Equivalent definition martingale coupling]. Let 1, v € P (R?) and 7 € II(, v),
then w is a martingale coupling if and only if there exists a regular disintegration {7} cras of 7, as
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defined in Definition A.1.12, such that

o= [yman).

Rd

Proof. “="Thisis a direct consequence of Theorem A.1.14 and Theorem A.1.13. Let 7 € M (u,v)
and (X,Y) ~ 7w on some probability space (2, F,P), then the latter theorem gives us a kernel
such that 7,(-) = P(Y € -| X = z). Using the former theorem with f(X,Y) =Y, we get

z=E[Y|X = 1] :/ym(dy).
R4

“«<" Conversely, if we have a coupling between ;. and v with this disintegration property, then
applying Theorem A.1.14 gives us that = is a martingale coupling immediately. O

Contrary to the normal set of couplings II(u, v) it could be that M(u,rv) = @. A classic result
known as Strassen’s theorem gives a necessary and sufficient condition to check whether the set
M (s, v) is actually non-empty. For this we need the following notion.

Definition 2.1.3 [convex order]. Let y,v € P (Rd). We say that p is smaller than v in the convex
order, denoted by p < v, if

[e@ntan) < [ o@)viao)
Rd R
for all convex functions ¢ : R — R.

Strassen’s theorem now says martingale couplings exist, whenever y and v are in convex order.

Theorem 2.1.4 [Strassen’s theorem]. Let y1, v € P (R?). Then, the set M (u,v) # @ if and only if
both . and v have finite means and pu < v

Proof. See proof of Theorem 8, page 434, of [47]. O

We return to our example one last time. We were left with the set of martingale couplings
between p and v. The final step in robust finance would be to find a bound on the financial
derivative g(Sp, St). This is done by calculating

Pow = inf Er[g(So,S7)] Phigh = sup [Er[g(So, ST)]. 2.1
TEM(p,v) TeEM(p,v)

The price of the financial derivative should then be between Py, and F;g,. However, to achieve
these bounds, we did not need to impose any kind of model! The calculations done in (2.1) is
precisely the martingale optimal transport problem.

Definition 2.1.5 [Martingale optimal transport]. Let ¢ : R? x R? — R be a measurable cost
function and 1 € P (R?),v € P(R?) such that p < v. The martingale optimal transport problem
is defined by finding the value or the minimizing coupling, if it exists, of

Vi (p,v) == we/ivrtl(fu ) / c(z,y) m (dz,dy) . (MOT)
" RaXRY
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2.2. Existence of MOT optimizer

In the case of the normal OT problem, we were guaranteed to find an optimizing coupling by
Theorem 1.2.6. This was in essence a consequence of II(u, v) being compact and the cost func-
tional

T / c(z,y)m(dz, dy)

R4 xRd

being lower semicontinuous, whenever c is also lower semicontinuous. Luckily, we can also always
find an optimizer for the MOT problem. To see this, we only need to show that M (u, v) is compact
in P(R? x RY).

Lemma 2.2.1 [Compactness of M (u,v)]. Let r € [1,00), u,v € P(R%) and ju =< v, then M(u,v)
is compact in both the weak topology and the W ,-topology.

Proof. We will show compactness in the weak topology first. It is clear that M (u,v) C II(u, v).
We already know that II(u,v) is weakly compact. So, we only need to show that M(u,v) is
closed. We will look ahead a bit in this thesis and use the characterisation of M (u, ) given by
Lemma 2.4.1. We only need to check sequentially compactness, because the weak topology is
metrizable by Theorem 1.2.4.

Let {7 }ren be a sequence in M (u, v) that converges weakly to some 7 in P(X x )). In fact,
we have convergence in the W,-topology, which can be shown as follows. As we already have
weak convergence, we only need to check that the »th moment also converges. This is quickly
verified,

tim [ d((0,0), (2, y)) me(dr, dy) = lim / 2l + [yl m (e, dy)

k—o0
R xRd R xRd

— lim / 2l u(de, dy) + / ly|v(da)
k—oo
R4 R4

= / |z|” + |y| 7 (dz, dy).
R xR4
Here, we used that all the marginals of {7 }rcn are the same. In particular, convergence in W;

means that we can test the convergence against functions g € C(X x )) such that there exists a
C € R, for which

lg(z,y)| < C(1 +d(z,y)"). (2.2)

The functions f(z)(z — y) with f € Cy(R?) satisfy the requirement given in (2.2). So, we see

/ fl@)(@ — y)m(de, dy) = lim / f@)(e — y)m(de, dy) = lim 0= 0.

R xR4 R4 xRd

This shows that 7 € M (u, v), which means that M (u, v) is closed in the weak topology. Hence,
it is also compact in the weak topology.

To establish compactness in the W, -topology, we remark that the above argument also shows
that M(p, v) is closed in the W, -topology. Furthermore, we can also argue that IT(, v) is compact
in the W, -topology. Take any subsequence {7 }rcny with 7, € II(u, v). By weak compactness we
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can find a weakly converging subsequence, which we will also call {r} }ren after relabelling. This
sequence converges to some m € II(u,v) in the weak topology. By a similar argument as above
it can be argued that this convergence also holds in the W, -topology, which shows compactness.
Thus, M (u,v) is a closed subset of a compact set in the WV,-topology, which shows compactness
of M(u,v) itself. O

Just as in the classical case, we can use compactness to show existence of a martingale opti-
mizer.

Theorem 2.2.2 [Existence of a martingale optimizer]. Let ¢ : R? x R? — [0,00) be a lower
semicontinuous function and let p,v € P;(RY) such that u < v. Then there exists a 7* € M(u,v)
such that

/ c(z,y)r*(dr,dy) = inf / c(z, y)m(dz, dy).
TEM(p,v)
RdxRd R xRd

Proof. This can be shown by repeating the proof of Theorem 1.2.6 and replace II(u,v) with
M(p,v) O

2.3. Need for larger space

It turns out that it is not possible to find an immediate analogue to a c-cyclical monotone set for
the MOT problem. Indeed, Juillet showed in [31] that the optimality of a specific MOT problem
cannot be verified by looking at the support of candidate optimal couplings, even when the cost
function is continuous. This is in sharp contrast with Theorem 1.3.2 in the classical case. Juillet
considered p,v € P;(R) with cost function ¢(z,y) = (1 + tanh(—z))+/y? + 1 and showed that
there exists a Borel set I" for the optimizer of this MOT problem such that

e () =1,

o for every (z,y7), (z,y"), (2/,y) € T satisfying x < 2’ and y~ < y™, the element ¢/ ¢

(y~,y™). This is called the left-monotone property.

The existence of such a set I" for a coupling 7 is both necessary and sufficient for optimality in
this case. We will now give an example of a MOT problem, whose minimizing coupling is not
supported on a set that enjoys the left-monotone property, i.e. supp(w) # I'.

Let u = %)\|[—1,1], v=1%(6_1+20 +d1) and c(z,y) = (1 + tanh(—z))/y2 + 1. Juillet proved
that the mass contained in [—1, 0] gets mapped to {—1,0} by the optimizing coupling and [0, 1]
is mapped to {0, 1}.This means that every point in [—1, 0] gets its mass split and one part is sent
to {—1} and the other to {0}. So, if we take the points —¢, ¢ and 1 — ¢, then their masses are sent
to {—1,0}, {0,1} and {0, 1}, respectively. Letting ¢ — 0, we see that the points (0, —1), (0,1) and

I I

-1 0 1 -1 0
v v

Figure 2.1.: Violation of the left-monotone property, Example 2.11 in [31].
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(1,0) are all part of the support of the minimizing coupling 7*. However, these points violate the
left-monotone property. See Figure 2.1 for a visual representation.

So, we cannot merely base the optimality of an optimizer on the support of a coupling in
P(RY x R?). However, Backhoff-Veraguas and Pammer argued in [5] that in the lifted space
P(R? x P(R?)), we are able to define a suitable set from which we can read optimality.

In the sections to come we will need a topology on the space P(R¢ x P(R%)) to discuss various
convergence results. We will introduce that topology now.

* Let d be a metric on R,

e Let r € [1,00), the space P,.(R%) is equipped with the Wasserstein-r metric W,, as
introduced in Definition 1.5.1.

* On the space R? x P,(R?) we can now define the metric

(2, ), (g, )" 2= d(z,9)" + We(p, )", (2, 0), (y,v) € RT x Pr(RY).

* Finally, we can define P,(R? x P.(R?)) properly with its corresponding metric. Let
(z0,p0) € RYxP,.(R?). The elements in this set are those measures P € P(R? x P,(R%)),
for which

/ d((.p), (20, p0))" P(dz, dp) < o
Ré x P, (RY)

holds. This definition does not depend on (zg, py), just as in Definition 1.5.3. For mea-
sures P, Q € P,(R? x P,.(R)), the metric on P,(R? x P,(R?)) is now given by

D.(P,Q)|" := inf d((z,p), (y,q))" (dz, dp, dy, dq) .
DARQI = ot [ dl(wp) () (G dy.do)

(RExP,(RY))?

In some cases we will not look at the full space P,(R? x P,.(R?%)), but only at P,(P,(R%)), for
which the Wasserstein metric is defined analogously.

To lift the MOT problem to this larger space we use an embedding named J with left inverse
I. We will introduce the map and display some of its important properties. Some of the results
in this section will be proven in Chapter 4, as they require additional knowledge of the topo-
logical features of the space P,(R¢ x P.(R%)). In Chapter 4 we will also give more background
information and motivation as to why this map is an interesting object in its own right.

Definition 2.3.1 [J embedding]. Let y, v € P (R?) and 7 € II(u, v), then J is defined as

J: PR x RY) — P(R? x P(RY)),

(2.3)
m(dx,dy) — mo projfl(dx)éﬂz (dp) = p(dx)dr, (dp)

with left inverse

I:PR?x P(RY)) = PR x RY), P — / p(dy)P(dz, dp). (2.4)
P(RY)

That [ is a left-inverse can be seen by a direct computation,

i(J(m))(de, dy) = / p(dy)J(x)(dz, dp) = / p(dy)s. (dp)m o proj; ! (dx)
P(Re) P(Rd)
= 7,(dy)m o proj; }(dx) = n(dx,dy).

21



We will also need a version of I which is only defined on the second component, which is called
the intensity map 7,

I:P(PRY)) = PRY),Q—~ [ p(dy)Q(dp). (2.5)
P(RY)

The map J is in general not a nice map to work with. For example, it is rarely continuous.
However, it does enjoy some useful properties. The most important one, for us, being that it
maps relative compact sets to relative compact sets in the W,-topology. The maps I and I are
better behaved, as they are continuous with respect to the W, -topology.

Theorem 2.3.2. Let r € [1,00) and define the maps J,f and I as in (2.3), (2.4) and (2.5). The
following statements are true:
(i) Aset 11 C P.(R? x RY) is relatively compact in the W,-topology if and only if J(II) C
P.(RY x P,.(RY)) is relatively compact in the W,-topology.
(i) Aset A C P.(R? x P,(RY) is relatively compact in the W,-topology if and only if I(A) C
P,.(RY x RY) is relatively compact in the W,-topology.
(iii) The maps I and I are continuous in both the weak and W,-topology.

Proof. First, we prove continuity of I and I. We will only show continuity for I in full detail, as
the proof for I is completely analogue. Note that for a measure P € P,.(P,(R%)), the mapping I
is fully determined by

1(P)(f) = / p(f)P(dp) Y € Cy(RY).

P(RY)

Now, let {P;}ren be a sequence in P(P(R?)) that converges weakly to P. In particular, this
means that we can test the convergence against functions g € C;(P(R%)). We can use the specific
functions g; given by

g5(p) = / Fp(dy) = p(f), | € C(RY),
Rd

which is a bounded continuous mapping, as it is bounded and linear. Integrating these functions
and taking limits gives us

iim 1(P)(9) = Jim [ p(OP) = [ 9P = [ 9)Pldp) = 1P,

k—o0 k—o0
P(RY) P(R) PY)

So, we see that I is a continuous mapping in the weak topology. This proof can be repeated with
functions f € C(R?) such that |f(y)| < C(1 + d(yo,y)") for some C € R to establish continuity
in the W, -topology.

The proofs of items (i) and (i) require considerable preparatory work, as we need a charac-
terisation of relative compactness in the W,-topology of P, (P, (R%)), which will make it easier to
check if a set is relatively compact. The full proof can be found on page 72. O

With the maps J and I in mind we will look at the set of measures on R% x P(R%) that have
their image under I in I1(u, v) or M(u,v),

Ap,v) = {P e PR x P(RY)) | I(P) € (u,v)} (2.6)
As(p,v) = {P € P(R? x P(RY)) | I(P) € M(p,v)}. 2.7)
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Definition 2.3.3 [Weak (martingale) couplings]. The measures in A(u, v) will be called weak cou-
plings of ;1 and v and the measures in A/ (u, v) will be called weak martingale couplings between
w and v.

Note that for P € A(u, ) we have

i(p) = ]f p(dy)P(dz, dp) = J/ p(dy) Py (dp)u(de) = p(da)T(Py)(dy).
P(RY) P(RY)

Another useful property that we will need is A(u, v) and Ay (p, v) are both compact. Just as was
the case for I1(x, v) and M (u, v).

Lemma 2.3.4. Let r € [1,00) and p,v € P.(R?). The sets A(p, v) and Ay (p, v) as defined in (2.6)
and (2.7), respectively, are compact in the W,-topology.

Proof. First, we show that A(u,v) is compact. Note that A(u, ) = I=1(II(x, v)). The map I is
continuous by property (iii) of Lemma 2.3.2 and II(u, ) was seen to be compact in the W, .-
topology by the argument at the end of the proof of Lemma 2.2.1, hence closed. So, the set
A(u,v)is closed. An application of property (ii) of Theorem 2.3.2 gives is that A(u, v) is relatively
compact, because I(A(u,v)) = II(u,v). From A(u,v) being closed and relatively compact we
conclude that A(u,v) is compact.

Continuing to Aps(u, v), we can similarly see that Ay, (u, v) is closed, because of Ays(u,v) =
I~Y(M(v, 1)) and M(p, v) being closed by virtue of Lemma 2.2.1. The set A/ (u, v) is now seen
to be a closed subset of the compact set A(u, v), meaning that Ay, (u,v) is also compact. O

It is possible to generalise the OT problem and the MOT problem by considering cost functionals
on the larger space, C' : R? x P (Rd) — [0,00). There are two natural ways of using these cost
functionals in the martingale case.

Definition 2.3.5 [Martingale optimal weak transport]. Let i, € P(R?) and C : R? x P(RY) —
[0, 00) measurable, the two generalised versions of the martingale optimal transport are given by

inf / C(z,my)p(da), (MOWT)
TEM(p,v)
Rd
inf / C(z,p)P(dz,dp). (MOWT")
PeAn(p,v)
RIxP(R4)

Note that these classes of problems encompass the MOT problem by using the specific cost
functional

cwm:/w@»

Ra

2.4. Martingale optimal transport as a linear constraint problem

Just as was the case for the classical OT problem, we want to find a useful monotonicity principle
that can identify optimal martingale couplings. Luckily for us, Beiglbock and Griessler introduced
a general monotonicity principle for ‘optimal transport-like’ problems in [14]. However, In our
quest to find a useful monotonicity principle we need to cast the MOT problem into the same form
Beiglock and Griessler considered. In Chapter 3 we will give a brief overview of their result and
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illustrate their proofs. The way we need to phrase the MOT problem, as given in Definition 2.1.1,
is as an optimization problem under a set of linear constraints. The following lemma ensures
that this restatement of the problem is equivalent to the MOT problem. Any proof that is missing
from this section can be found in Chapter 3.

Lemma 2.4.1 [Martingale constraints]. Let u, v € Pi(R?) and let F,, ,, be the set of functions given
by

Fup =4 f € CyREx RY | f(z,9) = g(z) - / g(@)u(dz), g € Co(RY
Re (2.8)

0l f e CRI X RY) | f(z,y) = g(y) - / g()(dy), g € Co(RY) S = F, U F,.
R(i

Let Fs be a set of functions given by

Fur = {f € Cy(R? x RY) | f(z,y) = g(z)(y — ), g € Cb(Rd)} YU F
= FUF

(2.9

Then, a measure m € P (R? x R?) is a martingale coupling if and only if

/ f(a,y)m (de,dy) =0 Vf € Far.
R4 x R4

Proof. Intuitively, the set F,, , ensures that 7 is actually a coupling between ;. and v. The set F,,
in turn ensures that 7 possesses the martingale property.

“="1If m is a martingale coupling between 1 and v, then there exists a disintegration {7, },cpa
such that

x = /ywz (dy) pa.s.
Rd
Filling this in with f € F,, gives us

|t = [ [ g@) -y ma@us)

RdxR4 Rd R4

— [ 9@ o~ [vmian) | utax) =0

R4 R4

Also, for f € F,, we immediately see

/ £ (. y)m(de, dy) = / g()ma(dy)u(da) — / o(e)u(de)

R4 xR4 R4 x R4 R4
_ / g()u(da) — / g(x)u(dr) = 0.
Rd R4

Analogously, we can show that the integral with respect to any f € F, is equal to zero.
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“«<" For this direction we will be using the monotone class theorem, see Theorem A.1.1. It
needs to be shown that probability measures in I, have y as their first marginal, the measures
in ITx, have v as their marginal, and I, contains martingale measures. All three arguments
follow the same pattern. So, we will only show the proof for the martingale property in full detail.
The other two proofs can then be inferred by following the same steps.

Let #H be the following set:

H = { h(z) € B(RY) h(z)(x —y)m(dz,dy) =0

R4 xRd

This is clearly a vector subspace of B(R?). Now set K = Cj(R%). By assumption we have X C H.
Furthermore, the constant function g(z) = 1 is trivially continuous and bounded. So, 1 € K C H.
As the product of continuous and bounded functions is again continuous and bounded, we find
that K is closed under multiplication. For a bounded and monotonically increasing sequence
{hn}nen with h,, € H, h, > 0, and limit h, we see that

h(z)( — y) n(dz, dy) = / W) |« - / ymo(dy) | 7o proj ! (da)
Rd x R4 R4 Rd

_ / lim h(2) | 2 — / ya(dy) | 7o proji (de)

n— 00
R4 Rd

n—00
R4 R4

= lim [ hyp(x) |z — /ywm(dy) 7o proj; * (dz) = 0.

We were able to pull the limit outside the integral in the third equality because of the monotone
convergence theorem, see Theorem A.1.2. The monotone class theorem then tells us that o (K), C
#H. By Theorem A.1.7 we see that o(Cy(RY)) = B(R?). Thus, H contains all bounded Borel
measurable functions on R?. Define the function h(z) = 2 — [, ym,(dy) and look at the indicator
function of {h(z) > 0}, which is measurable by the measurability of 7, (dy). It follows that
Lin(z)>0y € H. From this we see

/1{h(m)>0} ﬂf/ym(dy) 7o proj; * (dx) = 0.
Rd R4

For {h(z) < 0} we can get a similar result. Combining these two gives us that,

x = /ywx(dy) T o proj; ' -a.s.,
R

which means that the measures in Iz, are martingale measures. To see that IIx, and IIz,
contain the measures with ; and v marginals. We can repeat the argument using the sets

H = { h(z) € B(RY)

| hamtdndy) - [ h@utds) =0

Rd xR R4
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and K defined as all functions in K that are bounded continuous functions. This will show that
17, contain all measures that have . as their first marginal. If we replace p with v in # and
IC, then we get the sets we need to show that ITr, contains the measures with v as their second
marginal.

To conclude, we now have that if 7 € ITx, NIlz, NIIz,, then it is a martingale coupling between
wand v. O

Using the set of functions F,;, we can formulate a monotonicity definition in Definition 2.4.2
that will turn out to be useful to identify optimality . Indeed, we will see in Theorems 2.4.4 and
2.4.5 that this definition of monotonicity fully characterises an optimal martingale coupling in
the 1-dimensional case.

Definition 2.4.2 [ (¢, Fjs)-competitors and monotonicity].
Let ¢ : R? x R? — [0, 00) be measurable.
(1) Ameasure o/ € P(R? x R?) is called an Fj;-competitor of a € P(R? x RY) if and only
if a(f) =d/(f) forall f € Fy.
(2) We call T C R? x R? (¢, Fpr)-monotone if and only if for any probability measure o €
P(RY x R%), that is finitely supported on T', and any J;-competitor o/ of o, we have
ac) < d(c).
(3) A martingale coupling = is called (¢, Fas)-monotone, if it is supported on a (¢, Fys)-
monotone set.

One might wonder what it means for a measure o’ to be an Fj,;-competitor for some other
measure «. The following proposition tells us that o and o’ need to have the same marginals and
the mean of the regular disintegration with respect to the first component need to be the same.

Proposition 2.4.3. Let a, o € P(R?xR?), both finitely supported, such that o is an Fy;-competitor
of a, then

aoproj;lza/oproj;l fori=1,2
/yax(dy) = /yo/x(dy) for (a o proj;*) — almost all z € R%.
R4 R4

Proof. We can use similar arguments as in the proof of Lemma 2.4.1 to show what F,,-competitor
measures look like and prove Proposition 2.4.3.
Let us first look at the functions from F,,. We see that for all g € C,(R?)

[ s@atrdy - [ g@udn = [ g@adrd) - [ g —

R x R4 R4 xRd R4 x R4 RI xR
/ g(z)a(de, dy) = / g(x)a/(dz, dy) —
R4 xRd Rd x R4
[ st@)aoproir’(de) = [ gla)a’oproj; ! (do)
Rd Rd

Using a similar monotone class argument as was used in the proof of Lemma 2.4.1, it follows that
a and o’ have the same first marginal. Analogously, we can show that the second marginals of «
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and o/ must be equal. Finally, we can use the functions in F,, to see that for all g € Cj,(R?)
| 9@ -yaldndy = [ g)e - y)a'(drdy) =
R4 xR4 R4 xRd

9(z)(x — y)as(dy)a o proj; ' (dz) = / 9(x)(x — y)as(dy)a o proj; ' (dz) =

RIxR4 Ré x R4
/ g(x)yaa(dy)a o proj; ! (dz) = / g(@)yas(dy)a’ o proj; } (da).
Rd Rd

Using the monotone class theorem again it is possible to show that this actually means that

/yaw(dy) = /ya;(dy) for (oo proj; ') — almost all z € RY.
R4 R4

So, we see that an JF/-competitor of « is a measure that has the same marginals and which
regular disintegrations with respect to = have the same means. O

A consequence of the result proved by Beiglbock and Griessler in [14] is that if a coupling is
optimal for the MOT problem, then it is automatically (¢, F,s)-monotone. We will look at this
result in more detail in Chapter 3.

Theorem 2.4.4 [Monotonicity of MOT]. Let ¢ : R x R — [0, c0) be a measurable function, u,v €
P,(RY), and assume that 7* is such that

/ o(z,y)n*(dz,dy) =  inf / (,y)m(dz, dy).
TeEM(p,v)
RxR RxR

Then 7* is (¢, Far)-monotone.

Proof. To prove this theorem, it is better to work in a more general framework. However, as
that framework is not the topic of this chapter, we will delay it to Chapter 3. We will see that
Theorem 2.4.4 is a direct consequence of Theorem 3.1.1. O

A key insight by Beiglbock and Juillet, and Griessler in [12, 27] is that for d = 1, (¢, Fa)-
monotonicity is actually a sufficient property to verify optimality. This was one of the crucial
results needed to establish stability for the MOT problem.

Theorem 2.4.5. Let p,v € Pi(R) with p < v. Let ¢ : R x R — [0,00) be measurable and
c(z,y) < a(x) +b(y) fora € L' (u) and L' (v). Then any (¢, Fa)-monotone © € M(u, v) is optimal
for the MOT problem with measures i and v.

Proof. For this proof we will need a considerable amount of preliminary work and knowledge
of the general theory of monotonicity for the MOT problem. So, this proof will be delegated to
Chapter 3 on page 61. O

Similarly as with the martingale couplings it is possible to define the weak martingale couplings
in terms of a set of continuous constraint functions analogously to Lemma 2.4.1.
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Lemma 2.4.6 [Weak martingale constraints]. Let y, v € P,(R%) and let fu,y be the set of functions
given by

Fuw = {f € Co(R? x Pr(RY) | f(x,p) = g(x) — /g(w)u(dx), g e Cb(Rd)}

Rd
U {f € Cy(R® x Po(RY) | f(z,p) = / o(w)p(dy) — / g(y)v(dy), g € obaRd)} —FUF,
Rd R4

Let the set Fy; of constraint functions be given by

Fur o= {1 € R < PrRY) | f(o) = late) [ (o~ i)

g€ Gy(PIRY), h € (R} U F,
= Fn U Fus

Then, a coupling P € A(u,v) is a weak martingale coupling, i.e. P € Aps(u,v), if and only if

/ f(z,p) P(dx,dp) =0 Vij-v'M.

RéxP(R4)

Proof. This proof follows the same idea as the proof of Lemma 2.4.1. Again, we only show the
full argument for the weak martingale property of the measures.

“="If P is a weak martingale coupling, then it should be that ] (P) is a martingale coupling
between p and v. This means actually that P gives full measure to the set M = {(z,p) €
R x Pi(RY) |z = [payp(dy)}, as

r= / / / yp(dy) P, (dp).
Rd P (R4) R

Which shows that [, yp(dy) = « for P, almost all p. The = was chosen arbitrarily. So we conclude
that [pq p(dy) = « for P almost all (z, p), which shows that P(M) = 1.

Now, let f € F,,,, we then see that

/ f(,p)P(dz, dp) = / h(x)g(p) / (z — y)p(dy) P(dz, dy)

RexP1(RY) M R?
- / h(z)g(p) (x - / yp <dy>> P(dz, dp) = 0.
M Rd

In the last equality we have used that z = [, yp(dy), P-almost surely. The integrals of functions
in fu and F, can be calculated analogously to the equations above. The result is quickly seen to
be equal to zero as well.

«" We will use Theorem A.1.1 again. Just as was the case in the proof of Lemma 2.4.1, we will
only show that F,, ensures that ] (P) is a martingale measure. The proofs that ]-' and F, ensure
the correct marginals for P follow by similar arguments. However, we need to add a couple of
arguments to prove the martingale property of I(P).
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In this case we start with continuous and bounded functions that can be written as products
and want to extend this to bounded measurable functions on R? x P;(R?). We start by defining
the sets K and H,

K ={f € Co(R* x Py(RY))| f(z,p) = h(x)g(p), h(z) € Co(R?), g(p) € Cy(P(RY))}

and

H={ke BRIxP@Y): [ ke [(@-y)pldy) Plds,dp) =0
Rdx P (RY) R4
The set K is clearly closed under multiplication. The constant function is again trivially continu-
ous and bounded. So 1 € K C H. To check the third requirement of Theorem A.1.1, let {k, }nen

be a monotone increasing sequence in H with k,, > 0 converging to some function k. Using the
monotone convergence theorem we can show that & € H.

/ k(z,p) / (z — y)p(dy) P(dz, dp) = / Jim k(2 p) / (z — y)p(dy) P(dz, dp)

R x Py (R%) R4 R x Py (RY) R4
—Jin [ ka(ep) [ @ - a)pldn)Plde,dp) = 0
R4 x Py (R4) Rd

Now applying Theorem A.1.1 tells us that o(K), C H. It remains to argue that B(R?)@B(P; (R%)) C
o(K). For this we note that K also contains functions of the type f(z,p) = h(x), which generate
B(RY) by Theorem A.1.7. Similarly, we also have functions of the type f(z,p) = g(p). These
functions in turn generate B(P;(R?)) by Theorem A.1.7, as this is the Borel sigma algebra with
respect to the Wasserstein-1 topology. This gives us that

B(RY) x Py (RY)
R? x B(P1(RY))

c o(K),
c U(}C)v

but for o(K) to be a sigma algebra it must be that the product sigma algebra B(R%) @ B(P;(R?))
is contained in it.

We can now use that ¢(K);, contains all bounded measurable functions. So, we can copy the
final argument of the proof of Lemma 2.4.1 to conclude that

T = /yp(dy) P —as,
R4
which shows that /(P) is a martingale measure. To show that F, .. ensures that the first marginals

are equal to u, we can use the same sets H as at the end of the proof of Lemma 2.4.1. To show
that 7(P) has v as its second marginal we can use the sets

H=1heBPRY | hp) = / 9(y)p(dy) - / g(y)(dy),g € BRY) } .

R4 R4

and K is the same as #, but the bounded functions g are all replaced with bounded and contin-
uous functions. O
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As was the case for the MOT problem, we can define a monotonicity principle for the MOWT
problem that is a necessary condition. First, we state the relevant notion of monotonicity.

Definition 2.4.7 [Martingale C-monotonicity]. Let C : R? x P(R?) — [0, c0) be measurable.
(1) We call T' € R? x P;(R%) martingale C-monotone if and only if for any N € N, any
collection (z1,p1),...,(zn,pn) € T, and qi,...,qnv € P1(R?) such that Zf\ilpi =

SN g and [paypi(dy) = [pa yai(dy), we have

N
ZC xz,pz SZ -Tza%

(2) A probability measure P € P(R? x P;(R?)), which is supported on a martingale C-
monotone set, is then called martingale C-monotone.

(3) A probability measure 7 € P(R? x R9) is called martingale C-monotone if J(7) is
martingale C-monotone. Here, the map J is the embedding defined in Definition 2.3.1.

The necessity of martingale C'-monotonicity for the MOWT problem is now stated in Theo-
rem 2.4.8.

Theorem 2.4.8. Let C' : R? x P.(RY) — [0,00) be measurable and P* € Aps(u,v) optimal for
(MWOT’) with finite value. Then P* is martingale C-monotone. Moreover, if C' additionally satisfies
for dll x € R? and Q € P,(P.(R%))

/ C(z,p)Q(dp), (2.10)
P(RE)

then any optimizer * of (MWOT) with finite values is martingale C-monotone. Note that (2.10) is
satisfied if C is convex in second argument.

Proof. To state this proof we will need more knowledge of the general theory of monotonicity,
which is provided in Chapter 3. The proof can be found on page 54. O]

If C(z, -) is convex for all z € RY, then it is possible to expand the martingale C-monotone set I'
in such a way that it includes all measures that can be written as the empirical mean of measures
already in T".

Lemma 2.4.9. Let C : R¢ x P;(R?) be measurable, C(z,-) is convex for all x € R% and I' C
RY x P(R?) be martingale C-monotone with

rcy (z,p) € R? x Pl(Rd) |z = /yp(dy)

i)

is also martingale C-monotone. In particular if P € P(R? x P(R%)) is martingale C-monotone on
T, then it is martingale C-monotone on I as well.

Then, the enlarged set

(z,p;) eF,i:l,...,keN},
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Proof. Let (z1,p1), ..., (zy,pn) € I with competitors (z1,q1), ..., (zx,qn) € RY x P(RY). We
can write every p; as

k.

1 1
=D P ki €N} €Ty, (2.11)

in:l

We can actually assume that k; = k; =: k for every i,j = 1,..., N. To show that this is true,
assume this is not the case and look at the least common multiple of {k, ..., kyx} and call this k.
Define [; := k% € N for each k;. We can now duplicate each set {pl-l, . ,pfi}, [; times, from which
we see that

1 k B 1 lik; B I k; 1 k;
DI A B ,;Zp?zpz-.
n=1 n=1

ili

Where we have set @ = ((n — 1) mod k;) + 1 to cycle through the ; copies of {p},... ,pfi}. So,
we see that we can assume that all k;’s are equal. Otherwise, we can apply the above procedure
to make them equal, without changing the resulting sum. Now using (2.11) with k; = k € N for
everyi=1,...,N gives us

N k
< Z ! Z (1, ) = ;ZZcm,p?).

i=1 n=1

Where we use the convexity in the second argument of C(z,-) for every x € RY to justify the

inequality above. If we copy the original competitors {qi,...,qn}, k times, then this results into
competitors for the set of measures {p}’ |i =1,...,N,n=1,...,k},
N k n N N N &k
DD P = kpi=kY pi=kY ai=D ) a
i=1 n=1 i=1 i=1 i=1 i=1 n=1

It is also easily checked that means of ¢; and p!' are equal as

/ ypi'(dy) = z; = / ypi(dy) = / ygi(dy).

R4 R4 R4

This shows that the & copies of {g;,...,qn} are competitors of {p!'|i =1,...,N,n =1,...,k}.
We can now use the fact that each (z;, p') was already in the martingale monotone set I" to find

N LNk
> Claipi) < z > Clapp)
i—1

i=1 n=1

1 N k
% Z Z C(:I"Za Qi)

i=1 n=1
1 & Y
= E Z kC(SEl, qi) = Z C(LL““ Qi)'
i=1 1=1

If P is martingale C-monotone on I, then by I' C co(I"), we trivially have that P(T) = 1 and by
the first part we also have that I" is martingale C'-monotone.

IN

O
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Martingale C-monotonicity is defined by looking for a T set in the lifted space R? x P,(R?).
Later on, in the proofs of Theorem 2.4.11 and Lemma 2.4.12 it will be useful to consider a version
of Definition 2.4.7 with regard to first component R?.

Proposition 2.4.10 [Martingale C-monotonicity characterisation]. Let C : Rx P (R?) :— [0, o0)
be measurable. A coupling m € M(u,v) is martingale C-monotone if and only if there exists a set
I' C R? with u(T') = 1 such that for any finite number of points x1,...,xx € I'and qi,...,qn €

P1 (RY) with Zfil Ty, = Zf\il ¢ and [5qyqi(dy) = x;, we have

N

E 1‘27 7Tm

=1

xza Qz (2.12)

||Mz

Proof. “«<" Consider a martingale C-monotone set I' C R%, which we can lift to the space of
R? x Py (R?) by taking

r= {(w,p) Gf‘Xpl(Rd)’p:ﬂx}.

This set is a martingale C-monotone set for .J (7). To see this, take any finite sequence (z1,p1), ...,
(zn,pn) € T. By construction it must be that z; = [, ypi(dy). We can now check the martingale
C-monotonicity by taking competitors (z1,q1),. .., (zxn, qv) € R? x P(R?), which gives

N N
ZC(Z’i,pz ZC mz,ﬂ-xz < Z l‘z;Qz
=1 =1

by the inequality in (2.12). For this set we also have that

J(m)(T) = / / b, (dp)pdz) = () = 1.

I {p=ms}

“=" We start with J(m) being martingale C'-monotone as in Definition 2.4.7 with a martingale
C-monotone set I', having the property that

1= J(m)(T) = / br. (Ap)u(dz) = p({z € RY| (z,7m,) € T}).

The final set in x4 is a projection of a Borel set and thus an analytic set by Theorem A.1.10.
Additionally, we can write this set as the union of a Borel set and a null set by Theorem A.1.11.
In other words, there exists a Borel measurable set I' C {z € R%|(z, 7,) € I'} with u(T) = 1. We
can now say that 7 is martingale C-monotone as in Definition 2.4.10 with the set . O

An incredibly useful result for martingale C-monotonicity is that it is actually a stable notion.
This will be one of the main ingredients to show stability of the MOT problem in the next section.

Theorem 2.4.11 [Stability of martingale C-monotonicity]. Let r € [1,00), C, Cy, € C(Rx P, (R)),
k € N, and C}, converges uniformly to C. If P € P,(R x P.(R)) and {P*}1en is a sequence in
Pr(RY x P.(RY)) such that P* — P in the W,-topology, and the measure P* is martingale Cy-
monotone for all k € N, then P is martingale C-monotone.

Moreover, let € P.(R x R) and {7*}cn be a sequence in P, (R x R), and assume that Cy(, -) is
convex in the second argument for all k € N and = € R. If it is true that 7% — 7 in the W,-topology
and the measure 7" is martingale Cj-monotone for all k € N, then 7 is martingale C-monotone.
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Proof. This proof requires many technical arguments and some additional results. That it is why
it postponed until the last section of this chapter. The proof can be found on page 43. O

We have now seen how we can rephrase the MOT and MOWT problems as linear constraint
problems. This rephrasing allowed us to define monotonicity principles that are related to the
MOT and MOWT problem. Using the cost functional C'(z,p) = [payp(dy) it is possible to
switch between (¢, Fjs)-monotonicity and martingale C-monotonicity. Lemma 2.4.12 tells us
that (¢, F)s)-monotonicity and martingale C-monotonicity are actually equivalent.

Lemma 2.4.12 [(c, Fjr)-monotonicity and martingale C-monotonicity equivalence]. Let r € [1, c0),
p,v € P (R) such that p < v, # € M(u,v), b € L'(v), c: R x R — R be jointly measurable, and
c(z, -) be upper semicontinuous and |c(x,y)| < a(z)|b(y)| for all z € R for some a(x) > 0. Then,
7 is (¢, Far)-monotone with Fyy as in Lemma 2.4.1 if and only if = is martingale C-monotone with

C($, p) = fR C(:L’, y) p(dy)

Proof. Again, the proof of this Lemma requires a lot of work. So it is delayed to the end of this
chapter. See the proof on page 46. O]

2.5. Stabilityin R x R

Optimal Martingale coupling

Only for d = 1, Theorem 2.4.5T JTheorem 2.4.4

L 2.4.12 .
(¢, Far)-monotone emma 2.4 Martingale C-monotone

TTheorem 2.4.11

Stable along limits

Figure 2.2.: Sketch of the proof of stability with d = 1

In the Chapter 1, we introduced a stability result for the OT problem with Theorem 1.4.1. That
theorem informally says that finding V' (i, v) and the coupling that attains V'(u, v) are continuous
operations. Until recently, it was an open question if a similar result for the MOT problem exists.
By the independent works of Backhoff-Veraguas and Pammer in [5] and Wiesel in [55], we now
have a positive answer to the question of stability in the martingale case. This result was proven
for the special case of of the MOT problem with measures ;1 and v whose support is contained
in R. Although there are still many unanswered questions for the general case, the outlook for
stability in higher dimensions is less hopeful. It was shown in [18] that in the case of R? with
d > 2, it is possible to construct a specific sequence that behave unstably. It is not clear however,
if it is possible to set certain conditions that would ensure that the MOT is stable in general.
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We will examine the result of Backhoff-Veraguas and Pammer, as its statement is the closest to
Theorem 1.4.1 and the techniques and tools used in the proof are closely related to the theory of
the classical optimal transport problem. The main results of Backhoff-Veraguas and Pammer are
given in Theorem 2.5.1 and Corollary 2.5.2.

Theorem 2.5.1 [Stability of MOT]. Let ¢,c, : R x R — [0,00), k € N, be continuous cost
functions such that cj, converges uniformly to c. Let {ux}ren, {Vk}ren be sequences in Py (R),
with ug =< vy, converging in Wi to p and v, respectively, where we also assume that 1 < v. For
each k € N let 1, € M(uy, vx) be an optimizer of MOT with cost ¢y, between the marginals i,
and vy. If ¢(z,y) < a(z) + b(y) with a € L'(u),b € L' (v), and

lim sup / cx(x, y)mi(da, dy) < oo,
k—o0
RxR

then any weak accumulation point of {7y }ren is an optimizer of MOT for the cost function c.
In particular if the latter has a unique optimizer 7, then m;, — 7 weakly.

Theorem 2.5.1 shows stability of the minimizing martingale coupling for the MOT problem.
As a consequence, it is also true that the value of MOT converges.

Corollary 2.5.2. Let ¢,c;, : R x R — [0,00), k € N, be continuous cost functions such that
¢k converges uniformly to c. Let {p}tren, {Vk}ren be sequences in P,(R), with r € [1,00),
converging in the W,-topology to . and v, respectively, and uy < vy for each k € N. Suppose
that

c(x,y) < K(1+ |z|" + |y|"), for some K > 0.

Then we have

lim  inf ) mu(dz.dy) =  inf ) w(dz, dy).
k;nolo TFG./{Ill(/L,V) / ek (@, y) mr(dz, dy) WE/{}ll(u,y) / c(@,y) m(de, dy)
R

RxR xR

We will give a sketch of the proof stability in one dimension for the MOT problem due to Backhoff-
Veraguas and Pammer. What we will actually do is move from the MOT problem to martingale
C-monotonicity through (¢, F)s)-monotonicity, which is possible because of Theorem 2.4.4 and
Lemma 2.4.12. Martingale C-monotonicity is actually stable by virtue of Theorem 2.4.11. Once
stability of martingale C'-monotonicity is established, we move back to the MOT. This roadmap
is visualised Figure 2.2. This last step is only possible in the one dimensional case and is due to
Theorem 2.4.5.

With all the results given in the Sections 2.2 and 2.3, we can formulate the proofs of Theo-
rem 2.5.1 and Corollary 2.5.2, the two main results of this thesis.

Proof of Theorem 2.5.1. We can follow the lines in Figure 2.2. By Theorem 2.4.4 it must be that
7 is (¢, Far)-monotone, as each 7 is a minimizer for the MOT problem. Next, we also see that
7 is martingale C-monotone by Lemma 2.4.12. We can apply Lemma 2.4.12 because each ¢,
is assumed to be continuous and {cy}ren converges uniformly to ¢ with ¢(z,y) < a(x) + b(y)
for some a € L'(v),b € L'(u). The uniform convergence allows us to bound each ¢; with
integrable functions. The martingale C'-monotone property is retained along the limit because of
Theorem 2.4.11. This means that  is also martingale C-monotone. Note that each C}, is defined
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as

Cuwp) = [ cxlo,y)p(dy),
R
and C is defined analogously. The function C} is linear in the second argument, meaning that Cj,
is convex in the second argument. Furthermore, we can use the uniform convergence of {cj }ren

to show uniform convergence of {C}}ren to C. Let € > 0, then we can find a ky € N such that
k > ko implies that

sup |ep(z,y) — c(z,y)| < e

(z,y)ERXR
Using this we get, for k > k,
sup  |Culz,p) - Cla,p) =  sup / ex(,y) — ez, y)p(dy)
(z,p)ERXP1(R) (z,p)ERX P71 (R) 5
< sup / sup () . 9)|p()
TE

eP1(R
P 1()R

< sup /ep(dy) =
)

ePi1(R
171(R

So, we see that {C}}ren converges uniformly to C. By assumption we have that 7, converges
in the W;-topology to 7. It is now possible to apply Theorem 2.4.11, which tells us that 7 is
martingale C-monotone. We can now move back and say that 7 must be (¢, Fj;)-monotone by a
second application of Lemma 2.4.12. As a final step we can conclude that 7 is optimal for MOT
by an application of Theorem 2.4.5. O

Proof of Corollary 2.5.2. By Theorem 2.5.1 we already have that any accumulation point of {7*}.cn
is an optimizer for MOT. Let d be the metric on R x R given by

d(@,y)" = o1 —n|" + |22 — 12", 2 = (21,22), y = (Y1, 92)-
This metric gives rise to the Wasserstein-r space P,(R x R). It follows that

tim [ d(0, (2,9))"mi(de,dy) = Jim / 2] () + / | v (dy)

k—o0
RxR RxR

R
— [lalutda) + [ lorvdy) = [ do.e,) (o, dy).
R R RzR
By Theorem 1.5.5 we can now say that the accumulation points of {7 } xen under the W,-topology

coincide with the accumulation points under the weak topology. We will now bound the limsup
and liminf to find the limit. For the liminf we immediately have

lim inf / cp(z,y)mp(de,dy) > inf /c(x,y)ﬂ(daj,dy).
k—o0 WGM(MV)
RxR RxR
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Let 7* be an accumulation point of {7} }ren. Then, there exists some subsequence 7, such
that 7, — 7* in the W,-topology. As ¢, — c uniformly and c(z,y) < K(1 + |z]" + |y|") =
K(1+4d((0,0),(x,y))" for some K > 0, we can use the W, convergence to show that

lim Ck, (T, y)7g, (dz, dy) = / c(z,y)r*(dz,dy).

n—00
RxR RxR

Namely, let ¢ > 0 and find a Ny € N such that k,, > N, implies that

€
sup  eg, (z,y) — c(x,y)| < 7
(z,y)ERXR

Additionally, by the W,-convergence we can find a N; € N such that k,, > N; implies that

/c(m,y)(wkn — ") (dz,dy)| <

R

€
5 .

If we pick N = max{Ny, N}, we see for k,, > N that

/Ckn(w,y)mn(dx,dy)— / c(z,y)m*(dz,dy)| < /Ckn(ar,y)mn(dw,dy)
RxR RxR RxR
— [ cwm,@edy) + [ cwpm,@rdy) [ oy (dedy)
RxR RxR RxR
< [ len (o) — o p)lm @ody) + [ e, 7). dy)
RxR RxR
€ €
RxR

From this we can see that

imswp [ e mdnd) < [ cegr@od) = inf | ewg)n(dedy).
k—o0 WGM(:MJ/)
RxR RxR RxR

We now have both necessary bounds on the lim sup and lim inf to conclude

dm it [ aemedy) = _nt [ clordndy).
RxR RxR

2.6. Remaining proofs
In this section we will finish up the remaining proofs of this chapter, which are the proofs of

Theorem 2.4.11 and Lemma 2.4.12. We delayed these proofs, because they are quite lengthy
and require some additional results.
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2.6.1. Competitor sequences

To carry the martingale C'-monotonicity property through to the limit in Theorem 2.4.11 we need
to be able to find suitable competitors in each step of the sequence. Lemma 2.6.1 ensures that
this is always possible.

Lemma 2.6.1. Let N € N and p; € P,(R) with competitor ¢; € P,(R), i =1,... N, ie.

N N
sz‘ = Z%’a (2.13)
i=1 i=1

/ypi(dy) Z/yqi(dy) i=1,...,N. (2.14)

R R

Suppose there are sequences {pk, ..., p?v}, k € N, of measures in P,(R) with pf — p; in the W,.-

topology. Then, there exist approximative sequences {q¥, ..., q% }ren of competitors, i.e.
N N
> opk=>df, (2.15)
i=1 i=1
/ ypr (dy) = / yar (dy), (2.16)
R R

qf—)qiinWr t1=1,..., N,
forall k € N.
Before we start the proof of Lemma 2.6.1, we need to show the following intermediate result.

Lemma 2.6.2. Let s € RU{oco}, F}, : R — [0, 1] the cumulative distribution of p € P(R), let {p;} Y,
and {qi}ﬁil with p;,q; € P(R) for some N € N and which satisfy (2.13) and (2.14). Define

II={ic{l,... NY|E,(s) =1}, I?:={ic{l,...,N}|F,(s)=1}.
If
je{l,...,N}\I! = p;((—o0,s)) =0, (2.17)
then, I? = I} and
je{l,....,N}\I? = ¢;((—00,s)) =0. (2.18)
Proof. By the equality of the means and (2.17), we immediately have

0= [~ [vaian
R R

iell

— /y(z pi — q;)T(dy) — /y(z g — pi)*(dy).

R ZEISl R Ze[sl

(2.19)

Where ()" denotes the positive part of a signed measure. Next, we can use (2.13) and (2.17) to
get

N N
(2.13) (2.17)
Z Qi|(—oo,s) < Zq’i|(—oo,s) = Zpi|(—oo,s) = Zpi|(—oo,s)'
=1 =1

iell iel}
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From which we see that () ;.1 p; — ¢;) has non-negative values only on (—oc, s) and is negative
otherwise. It follows that (Zi;[é pi —q;)" is concentrated on (—oo, s). By swapping ¢; and p; and
noticing that the sign of the sum then changes, we see that (3,1 ¢; — p;)™ is concentrated on
[s,00). Together with (2.19) this shows that (Zielsl pi—q)t = (iid& ¢; — pi)T = 0, which we
will show by contradiction. Assume that this is not the case. This would mean that (3,1 pi — ¢)
has positive mass in (—oo, s) and (3_;c;1 ¢ — ps) in [s,00). In particular, we can use the disjoint
supports to bound the barycenters,

[ m—a @ - [uS 0@y

R iefsl R ’iEIsl
< S(Z pi — i) ((=00,5)) — S(Z gi — pi)" ([s,00))
iell i€l}

=5 Zpi((—OO,S)) — qi((—00,8)) — qi([s, 00)

€T}

=s (L]~ a®) ] =0,

iell

which is a contradiction with (2.19). So, we see that (3", .1pi — @)™ = O ,cpnai —pi)T =0,
which implies that >, ;1 pi = Y ;2 ¢ and I} C I2. To show equality of the index sets I} and
I2, we assume that j € 12\ I!. We have the following chain of equalities

N N
Z%‘kfoo,s) = Zpi’(foo,s) = Zpi’(foo,s) = Z Qi|(—oo,s)-
=1 =1

iel}l €12

This already shows that we must have that ¢;((—oc,s)) = 0. However, j € I2 implies that
¢j((s,00)) = 0. From these two facts together, we infer that ¢; = J,. The measure ¢; is a
competitor for p;. So, their means must coincide, which shows that the mean of p; is equal to s.
We should then also have that p; gives some mass to (—oo, s). However, this violates (2.17), as
j & Il. This gives us I} = I?. Now, assume that j € {1,..., N} \ I2, then ¢; cannot have any
mass on (—oo, s). By (2.13) and I! = I? we must have the equalities

N N
Zpi = Zpi‘(—oo,s) = Zqi|(—oo,s) = Z q;-
i=1 i=1

iell iell
We conclude that ¢;(—o0, s) > 0 is not possible and (2.18) is satisfied. O

Proof of Lemma 2.6.1. We will break this proof down into three parts. First, we will show that
that there exist approximating sequences {¢, ..., ¢%} which satisfy condition (2.15). Once we
have these approximative sequences, we will show that given some assumptions on the support
of pairs of measures (g, ¢7), we can correct the mean of ¢}, using ¢¥, to make it equal to the
mean of p¥. Finally, it will be shown that we can actually iterate this correcting technique of the
measures until all the means are correct.

For all steps in the proof, We will assume that each measure is not a discrete measure supported
on one point, because then it would also be clear how to construct the competitors. The reason
being that we will take the convex hull of the support at some point, which we want to have
non-zero Lebesque measure.
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Step 1: Construct sequences {¢¥, ..., q%} with ¢¥ — ¢; whenever k — oo with > qF = > k.
In this step we can explicitly construct the needed sequences. Call R = )", ¢; = >, p;. From
this it is easy to see that ¢; < R foralli = 1,..., N. By the Radon-Nykodim theorem we can find

a measurable function Z; = ‘é‘}%, such that for every measurable A

qi(A) _/Qi(dﬂ?) —/ R(dx) —i/ x)q;(dz).

A A J=173

From this we can see that 0 < Z; < 1as 0 < ¢;(A) < 1 and ¢; will appear on the left hand side
as well. Define subprobabilities m; ; as follows. For each measurable A

mis(4) = [ Zy()pi(do)
A
With a slight abuse of notation we will write this as m; ; = Z;p;. Note that these m, ; are indeed
subprobabilities as they are measures by definition and
i (A) = / Z;(@)ps(dz) < pi(A), because 0 < Z; < 1.
A

These subrobabilities have the following 2 properties:

N N
> mij=2;3 pi=ZiR=gq, (2.20)
i=1 =1
N N
d(g1 +...+¢
S om0 2 = p 8 15 N _ o, 2.21)

Next, by Theorem 1.2.6 we know that the value W, (p;, p¥) is attained by some coupling between
p; and p¥. Call this coupling x*!, with regular disintegration {X’;’Z}zeR with respect to p;, which
exists by virtue of Theorem A.1.14. We are now ready to define the ¢* as follows:

¢t (dy) = / i (dy)me (),

R
N
_ k
=D _di
j=1

For this latter sum we see

N

N
S, i)=Y inf / d(z,y)"(dz, dy)
j=1

- w€ll(gF ., m;
j=1 (qh] ZJ)RXR

<Z/ (2, 9) %" (dy)m 5 (d2)

J=1RYR

_ /d(z y) 5 (dy)pi(dz) = Wr(pi, pF) — 0.

RxR
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Here, the inequality follows from the definition of qZ’-f ; and the second to last equality follows from
property 2.21 if the subprobabilities m; ;. This tells us that each qﬁ ; converges to m; ;, which we
can use to prove the convergence of q;? to g;:

Wi(a;,45) = Wk ( mi,j,zqz}fj
K2

=1 7=1

It remains to check that these ¢ indeed satisfy the sum condition

N N N
qu :quﬁj
=1

i=1 j=1

lzleR
2.21) N N
= / XFi(dy,dz) = pf
i=1 i=1

Where the second to last equality follows from {Xf’i}zeR being a regular disintegration with
respect to p;. The final equality is then just marginalizing the coupling.

So the {qf,...,q% } all converge to {q1,...,qx} in W, and satisfy the sum condition for being
feasible competitors of {pf,...,pk}.
However, in general the means of {¢f, ..., qf\,} will not be correct, in the sense that they do not

necessarily satisfy condition (2.16). The next two steps of the proof will be devoted to creating a
procedure that allows us to correct the means iteratively, while keeping condition (2.15) in tact.
To do this we first define

S; :=co(supp(¢;)), i=1,...,N.

Where co(-) denotes the convex hull of a set.
Step 2, if

)\(SZ N S]) > (0 or Sj - iI’lt(Si), (2.22)

then we can ensure that the mean of qF is the same as p¥ . Consider the sequences {q¥} ey and
{q;?} kcN obtained in the previous step, which converge to ¢; and g; in W, respectively.

In Figure 2.3 it is shown how the two cases of (2.22) could look like. As shown in the picture
let O}, 07, 0F; and Oj; be open intervals around the points inf S;, sup S;, inf S; and sup S;
respectively. These points are all actually minima and maxima, because the convex hull of a 1-
dimensional closed set is also closed. This means that these points are also part of the supports
of ¢; and ¢;. This ensures that any open interval around them has positive measure. Finally, we

can pick O}, O;, OF; and O small enough so that

QZ(OZiJ) > 0, q](O;i) > 0,

sup Oj’j <inf O}

+ . —
i sup O, <inf O .
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Remark that condition (2.22) is possible to occur and we are able to find the sets O, O

4,37 78,50
and O, because we assumed that all measures {qi,...,q,} are not Dirac measures. By the

+
Oj}i

Ji0?
Portmanteau theorem (Theorem A.1.4), we also have that
o kit s kNt
liminf (07 ;) > 0, lim inf ¢7(OF5) > 0, (2.23)

As both ¢; and ¢; have the same means as p; and p; by assumption we have

i | [ opl(dy) ~ [ val(an)| =0,

k—o00

R R (2.24)
: k k
Jim / yp; (dy) — / yq; (dy)| = 0.

R R

We can now define the corrected measures cjf and cjf. We will explain what the constants aﬁ >0
and o* > 0 are afterwards. The corrected measures are given by

k k k k
i = b+ ok 4 |Ofa‘ 9 ’OII' +aF & ’ij 9 ‘Ofw‘ (2.25)
! ! qll'c(O;j) Q§C(O;—@) qzk(O;:j) Qf(oj_,z)

The limit in (2.23) ensures that the fractions in (2.25) are well defined for k > & for some kg € N.
Additionally, by (2.24) we can find a k; > kq large enough for which we can pick {aﬁ}kzko and
{a* }g~#, such that ¢& and c'j;? are probabilities and

/ yd; (dy) = / yp} (dy).

R R

Here, we set o}, > 0 and o” = 0 if the mean of p¥ is larger than that of ¢} and of = 0 and

o > 0 otherwise. By (2.24) we also have that both o — 0 and o — 0 and we already know
that ¢¥ — ¢;. So we also have that §° — ¢; in the W,-topology. If we let the sequences now start
from k, and replace ¢} and ¢} with ¢} and g}, then {¢}'} rey will be a correct competitor sequence
for pk.

What we have done now is used some of the mass of qf to adjust the mean of qf in such a
way that it is equal to the mean of p¥. So using the pair (qf, q¥) we can correct one of the means
whenever condition (2.22) is met. In the next step, we will show that we can iteratively repeat
this method, so that we can correct all the means.

Step 3: All the means can be corrected. Let s € R U {occ} be such that either (2.17) or (2.18)
holds, then we have that I] = I? =: I, and }_,.; pi = >_;c;. ¢i- We now have two index sets, I,

(CY( ) (1 VY (T [ CY( ) (71 VY (7 )
4\LI\LI \-ll\-ll> <\LI\LI \—ll\-ll>
+ + - — + + - -

O/ O 05 Oy 0i; O 05 Oy
Figure 2.3.: Construction of the sets O;rjOi_ It Oj_i, Oj_l The red brackets indicate S; and the blue

brackets indicate S;
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and {1,..., N} \ I, which indicate two sets of probability measures with disjoint supports. We
can thus split the problem of correcting the means of ¢ with i € {1,..., N} into doing this for
q¥ with i € I, and then for i € {1,..., N} \ I;. The procedures in both cases are identical. So,
we can assume without loss of generality that {1,..., N} = I, and that s is minimal.

To finish up the proof, we introduce the notion of a pivot.

Definition 2.6.3 [Pivot]. An index ¢ € I, is an pivot, if there exists a ky € N such that for all
n € {1,..., N} with sup S,, <inf S;, the means of qf{ satisfy (2.16) for k > k.

If i is a pivot, then we know that all the measures that are supported to the left of S; are already
correct. Let us consider the case that i is a pivot. By step 2 of this proof, we can consider each
j # i for which (2.22) holds and whose means are not corrected yet. For these indices we can
find a k1 € N such that

k>k = /yqf(dy) = /ypf(dy)-
R R

There are now two cases to consider:

(1) The requirement (2.22) holds for all j # i with inf S; < sup S;. These are all the indices
that are not correct yet, by the assumption that i is a pivot. We can thus correct all these
means, by step 2 of the this proof, for k£ large enough. We only need to correct the mean
of ¢¥ itself now. However, it turns out, that this is already the case

/ yg; (dy) :ijl R/ ypi(dy) =) / yq; (dy) = / ypi (dy).

R IR R

Now, we are actually done and have our desired sequence of competitors

(2) There areindicesm € {1,..., N}, such that S,, and S; do not satisfy (2.22). This means
that S,, is disjoint from S; and by i being a pivot, we also know that S,,, must be to the
right of S;, i.e. sup S; < inf S,;, < sup S,,. By minimality of s we can find another index
l € {1,...,N} such that inf S; < sup S,, < supS;. If this were not the case, then we
could actually take s = inf S,,, < s and consider the set I3, for which (2.17) and (2.18)
holds. This contradicts the minimality of s.
For these S,,, and S; we see that 2.22 holds and we can use {g} } sy to correct the means
of {¢* } e for k large enough. It also turns out that [ is a pivot. Take any [ € {1,..., N}
with sup S; < inf S;. We either have that sup S; < inf S; as well, for which we know
that the means are already correct. Otherwise, we have that inf S; < sup S; < inf §; <
sup S;, but in this case we see that S; satisfies (2.22). In the previous step the mean
would thus already be corrected. Finally, note that

sup S; < sup S;. (2.26)

In other words. We moved the pivot more to the right.
We can now start with 4, such that inf S; is minimal. We can iterate the above steps and move
the pivot index each step at least one set to the right by (2.26). As there are only finitely many
sets, this procedure is ensured to end, which means that we have found our sequences. O

2.6.2. Proof of martingale C'-monotonicity

As a refresher of our memory, we repeat Theorem 2.4.11.
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Theorem 2.4.11 [Stability of martingale C-monotonicity]. Let r € [1,00), C,Cy € C(Rx P, (R)),
k € N, and C}, converges uniformly to C. If P € P.(R x P.(R)) and {P*}en is a sequence in
Pr(R? x P.(RY)) such that P* — P in the W,-topology, and the measure P* is martingale Cj-
monotone for all k € N, then P is martingale C-monotone.

Moreover, let T € P,.(R x R) and {7*} ey be a sequence in P, (R x R), and assume that Cy(z, -) is
convex in the second argument for all k € N and x € R. If it is true that 7 — 7 in the W,-topology
and the measure 7" is martingale Cj-monotone for all k € N, then 7 is martingale C-monotone.

Proof. For the first part, it will be our goal to find a martingale C-monotone set for P from the
martingale Cj,-monotone sets I'* of P,. For all € > 0, we can define the following set

N
[y = {($i7pi)£vl € (R x Pr(R)N |Vmy,...,my € Pr(R) s.t. sz > m; and
1=1 i=1

N
[ mitan) = [ i) fori = 1....., N, we have S~ Clon) <3 Clenmi)
R

R =1 i=1

This set is closed. Indeed, take any convergent sequence ((z¥,pf)N ) ken € 'S, with limit
(zi,pi)Y, and any competltor (zi, )N, for (x;,p;),. We can use Lemma 2.6.1 to find a se-

quence of competitors ((zF,¢F)X ), cn converging to (z;, ;)N . The continuity of C gives us

N

Zc(xwp?,)_ li)rgozc zapz)

i=1

showing that (x;, p;)¥, € T'%.

This set resembles a martingale C-monotone set closely. However, it is defined on the N-
product space, instead of R x P,(R), and the C-monotonicity can fail with a difference of e. Let
us first deal with the latter issue. We want to show that there are no problems with letting ¢ — 0.
For this consider the product measures { P*®"}, cy and P®V, which also have the property that
PkON _ pON in the WX topology by Theorem 1.5.6.

Each Py is Cx-monotone and C}, converges uniformly to C', meaning that for every ¢ > 0 we
can find a kg such that for k > kg,

€
sup |Cr(x,p) — C(x,p)| < 5
(2,p)ERX P, (R) 2N’

Taking any (z;, p;)~., with (z;,p;) € T'* and competitors (z;, ¢;)~,and using the previous asser-
tion, we see that (z;,p;)Y, € I'§,, namely

ZC i, Pi) S

€
Ck(%pi) + B

IA

™M=1M=

s
Il
—

€
Cr(xi, q;) + B

C(xz,q;) +e.

s

@
I
—



Here, we used the uniform convergence of C;, — C in the first and last inequality, and the Cj-
monotonicity in the second inequality. In particular this means that P*®N(T',) = 1 for k > ko
for some ko € N. If we put this together with T, being closed, Wasserstein convergence implying
weak convergence by Proposition 1.5.5 and the Portmanteau theorem (Theorem A.1.4), then we
find

1 = limsup PH®N(I5) < POV(TY).
keN

Consequently, we can let € | 0 and the above argument then tells us that

PEN(TY) = lim PEN(IS,) = 1.
€l0
Continuing the proof, we set T'y := f‘?v.

To finish up the first part, we need to transform I'y from the N-product space to a set I' on
R x P.(R). To do this, note that products of open sets form a basis for the product topology on
(R x P.(R)N. Also, as the space (R x P.(R))" is a complete separable space by Theorem 1.5.7,
we can cover any open set with a countable collection of open sets from the basis. Specifically,
we can cover the complement of 'y with countably many sets,

N
= U ® Ok Oy;openinR x P.(R). (2.27)

keN i=1

Now, for each of the sets @2 ; O; x we can decompose

N N
0=PpeN (@ Ok, ) =[P (Ox), (2.28)
=1 =1

as P®V is product measure. For each k € N, we pick only those sets Oy, ; that have zero measure
with respect to P, of which there must be at least one for each k by (2.28), and take the union.
We call this set Ay,

AN = U U Ok,i-

keNie{1,..,N}
P(O,:)=0

This is a countable union and thus also a null set. We can do this for every N € N and define the
closed set

By construction, we have

PI)=1-P (U AN>>1_ZPAN )=1.
NeN

Next, we verify that " is a C-monotone set. Indeed, if we take a finite sequence (z;, pJ)N for

some N € N, with (z;,p;) € T, then (x;,p;) & Ay forall N € N. Recall the definition of T'%; given
in (2.27). The set Ay is constructed in such a way that for each k& € N at least one O; ;, C An.
We are now in the situation, where no (x;,p;) of the finite sequence is in Ay, meaning that for
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each k£ € N there is some O; ;, such that (x;,p;) € O, but then it can never be that (xj,pj)évzl
is a part of T';. So, we find that (z;, pj)j.vz 1 € I'y and I is martingale C-monotone as defined in
Definition 2.4.7.

For the second part of the theorem, we apply the map J from Definition 2.3.1 to 7*. By
Lemma 2.3.2 we know that .J preserves relative compactness, meaning that {J(7*)};cy has an
accumulation point in P(R x P(R)), called P. The measure P actually has to be in Aps(u,v), as
this latter set is compact by Lemma 2.3.4 and each .J(7*) € A (u, v). Finally, using the continuity
of the map I we also see that p(dx)I(P,)(dy) € M(u,v) and p(dx)I(P,)(dy) = n(dz,dy)

By assumption, each J(7*) is martingale C}-monotone and by the first part of this theorem,
we can now find some martingale C-monotone set I" for P. We will show that this is a martingale
C-monotone set for 7, by showing the equivalent definition given in Proposition 2.4.10. As the
set T is closed, it will be enough to show that (x, 7,) is some limit point for a sequence in T for
all x € R.

Take for any = € R with the property that P,(T',) = 1, a sequence of random variables { X Tlien
i.i.d. distributed according to P, defined on some probability space (€2, P). Each X is a random
measure in P,(R). We can test these measures against functions g € C(R), which are bounded
in the sense that

lgy)| < CL+|y"), CeR.

By the fact that the ’th moment exists for the measure X, we find

/ / Py(dp) = I(P)(9) = ma(9)-

By the large law of numbers we thus have P-almost surely
1 n
- D> XP(g) = I(P:)(g) = ma(g). (2.29)
i=1

Using a countable set of test functions it is now possible to extend this limit result from R to
Pr(R), where the limit is taken in the W, sense. For this we need to check that the following two
limits hold for P-almost all w

6))] —ZXx — 7, weakly for n — oo,
=1

(ii) Z/erx dy) —>/y|’”7rm dy) for n — oo.

=1
R
The second requirement is eas1ly verified as obviously |y|" < |1 + |y|"|. For the first property we

use a countable set of test functions that we will use to check the convergence of the characteristic
functions,

F = {f(y) = ¢™|u € Q}.

Because the set F' is countable, the P-a.s. convergence of (2.29) will hold for this set simultane-
ously. All the functions in F' are also appropriately bounded,

[f)l = 1™ =1 < 1+ yl"|.

Integrating these functions gives

fz / e XT (dy) — / e, (dy),u € Q. (2.30)

le
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This means that the characteristic functions of £ > | X7 converges to the characteristic function

of 7, for each u € Q. We want to extend this from Q to R. To this end, note that for each u € R\Q

there exists a sequence ¢ € Q, k € N such that klim qr = u. The resulting sequence of functions
—00

fr(y) = €'Y then converge pointwise to f(y) = e!“¥, by continuity of the characteristic function,
and are uniformly bounded by 1. The convergence is even uniform, as the characteristic function
is uniformly continuous. Dominated convergence allows us to pull the limit out of the integral.
We then need to swap the limits, which is possible because the sum in (2.30) converges absolutely
and the characteristic function is uniformly continuous by Theorem B.1.1. This gives us

n—o0 k—oo N k—ocon—oo N,

1 :
nh_)ng()n;Xf( = lim lim fZX"E fr) = lim lim fZXx fr) = klggoﬂm(fk)zﬂx(f)
Convergence of the characteristic function for all u € R ensures weak convergence. We conclude

1 n
EZX?—)?TI in W,.

As this happens P-almost surely, we can take any w € ) such that the above limit holds. Taking

= X7 (w), then gives us the desired sequence of measures. It could still be that LS pYis
not actually part of I'. However, by convexity of C(z,-) we can enlarge the set I' to include all
convex combinations of measures, with the enlarged set still being martingale C-monotone, by
Lemma 2.4.9. Finally, we can invoke the closedness of I to conclude that (z, 7,) € T for ;. almost
all , which implies that I is a martingale C-monotone set for 7 by Proposition 2.4.10. O

2.6.3. Proof of (¢, F)/)-monotonicity and martingale C'-monotonicity equivalence
Again, we will restate Lemma 2.4.12 to remind ourselves of all the assumptions.

Lemma 2.4.12 [ (¢, Fjr)-monotonicity and martingale C-monotonicity equivalence]. Let r € [1, c0),
p,v € P. (R) such that p < v, € M(p,v), b € L*(v), ¢ : R x R — R be jointly measurable, and
c(x, ) be upper semicontinuous and |c(x,y)| < a(z)|b(y)| for all z € R for some a(x) > 0. Then,
7 is (¢, Far)-monotone with Fy as in Lemma 2.4.1 if and only if = is martingale C-monotone with

C(z,p) = Jpc(z,y) p(dy).

Proof. In the proofs of both implications we will start with one monotone set and construct the
other one from it.

=" We have a (¢, Fjs)-monotone set I' C R x R from which we can construct the following
set

P= 1 (o.p) € R xPuR) [p(E) = 1. [ ypldy) =z, [ )lpdy) < oo .
R

where I', = {y € R|(z,y) € I'}. Note that (z,7,) € I for y-almost all z € R, as 7 € M(u,v)
and [, [b(y)| 72(dy) < oo for p-almost all z, because

//]b )| 72 (dy) p(dx) //]b )|m(dx,dy) = /]b )| v(dy) < oo.
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We will now show that I is a martingale C-monotone set. To achieve this, take any finite sequence

(x1,p1), ..., (zn,pn) € T with competitors (z1,q1), ..., (xn,qn) € R x P.(R). We will construct
sequences {p¥},cn for each (z;, p;) such that p¥ is finitely supported on I',;, ; = [ yp¥(dy) and
fi [ o ki) = / el y)pildy), (231)
Tim / o) (dy) = / () (). 2:32)

R R

For each 4, let { X/ } e be an iid sequence random variables on some probability space (2, F, P),
which are p; distributed. By the Glivenko-Cantelli theorem (Theorem A.1.8, we know that the
empirical distribution

Lk
=7 > L (ooxy (1)
=1

converges uniformly to the distribution of p;, P-almost surely. In particular, this means that F,,(¢)
converges pointwise for all continuity points of the distribution of p;, which shows weak conver-
gence of the empirical distribution. Consequently, we conclude that the empirical measure

L
H(w) = kz;fsx;i(w)
]:

converges weakly to p;. Note that pF(T';,) = 1. To achieve convergence in the W;-topology,
we need to check that the first moment converges. This is a consequence of the Law of Large
Numbers,

k
1 X )
/’y\Pz dy) = EZ | X} —>/!y\pi(dy) =E[|X]|]] P- as.
7=l R

So, we found a sequence of finitely supported measures, which converges in the W, -metric to p;.
Another consequence the Law of Large Numbers, is that (2.31) and (2.32) also hold. The reason
being that for all f € L!(p;) we have convergence of the empirical means of {f(X¥)}.cn by the
Law of Large Numbers. Specifically, this means

k
[ rwkan = 310 > [ f@n@ =Bee) - as.
R J=1 R

By assumption we have that c(z;,%),b(y) € L'(p;). So, we also get almost sure convergence of
the integrals of ¢(;, y) and b(y) with respect to p¥. Now, fix any w € Q for which the above limits
hold and set p¥ = pf(w).

The measures could still have the wrong means, i.e. [ yp¥(dy) # x;. We can correct this by
modifying the sequence a bit. Fix y*,y~ € I';, such that y* > z; and y~ < z; and set 2¥ =
Jw ypf (dy). As pj is a finitely supported probability measure we can write it as pf = >_7* | a;d,,.
It is now possible to add one Dirac measure to this sum to adjust the mean in such a way that it
will be correct. Let eki € R and set

ng
=31 )aydy, + o = (2.33)
7j=1
/ ypr(dy) = (1 — &f)zf + efy™. (2.34)

R
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We want that ef is chosen in such a way that (2.34) is equal to z;. This is possible by setting

k
+_ Ty &

6k = .

ok —y*
If z; < xf we pick ﬁf’f and if z; > :z:f’ we pick ﬁf’+ to ensure that sum in (2.33) only has
positive terms. We can also bound |z¥ — y*| from below by some C. Finally, as z¥ — =; by
the W,-convergence, we know that there exists some k( such that \xf — x;| < C, meaning that
+

€, € (=1,1) for k > ko. So, resetting the sequence from k and taking the correct ﬁf’i will
give us a convergent sequence that has the same mean as p;. In the following we redefine this
sequence as {p¥}ren for convenience’s sake.

The reason for introducing these finitely supported measures that approximate p; is that we
can only apply the (¢, Fjs)-monotonicity property if the measures are finitely supported. Using
Lemma 2.6.1 we can find sequences of competitors with limit {¢i,...,qn}. We can now derive
the martingale C-monotonicity using Proposition 2.4.10

N N
> C(ipi) = Z/C(xivy)pi(dy)
i—1

i=1 R
(2.31) N
20 lim 3 [ clai o) ()
N
< limsu /c zi,y) g (d
Hmp;R (i, y) f (dy)
N N
<> [ claaldn) =3 Claia)
=1 R =1

The (¢, Fjs)-monotonicity as defined in Definition 2.4.2 is used in the first inequality. For the final
inequality we used Theorem A.1.4 and the fact that ¢(z, -) is upper semicontinuous and bounded
from above by assumption. This, together with the fact that (z,7,) € I', u-almost surely, shows
that 7 is martingale C'-monotone with T" as its corresponding set.

“«<=" This direction will require a bit more work, although most of the work is moved to the proof
of Lemma A.1.15. We start with a martingale C-monotone Borel measurable set I' C R x P,.(R),
on which 7 is martingale C-monotone. A Borel measurable set is in particular analytic. So, we
can apply Lemma A.1.15 to get an analytic set I' C R x R, with 7(I") = 1 and such that

(i) For any (z,p) € I we have that p is concentrated on the fibre ', = {y € V| (z,y) € T'},
ie., p(l'y) = 1.
(i) For any (z,y) € T' we find (z,p) € T, such that for any ¢ > 0, we can select a Borel
measurable set K C I', for which
(@ p(K)>1—g
(b) crestricted to the fibre {x} x K is continuous,
(c) y € supp(p) N K and for all continuous f : K — R, we have

/ p(Bg{gi;)ﬂK)p(dz) — f(y) ford |O.
Bs(y)nK

It will be shown that T is (¢, F)s)-monotone. Take any finite sequence (z1,41), ..., (zy,yn) € T
and a measure « only supported on these points, with Fj;-competitor /5 as in Definition 2.4.2.
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By Proposition 2.4.3, this means that o and $ have the same marginals and

/y%i(dy) —/yﬁxi(dy), fori=1,...,N.
R R

By property (ii) of Lemma A.1.15, we can find points (x;,p;) € T and sets K; for each (z;,y;)
such that ¢ is continuous on {z;} x Kj;, y; € K; and

/ 29(]35((;%19(‘12) — c(x,y), ford | 0. (2.35)
Bs(yi)NK; ‘ !

To show that « is (¢, Fjr)-monotone we will find a sequence that converges to «, for which
(¢, Far)-monotonicity holds as a consequence of martingale C'-monotonicity. To this end, let

Oé({(ﬂfzwyz)}) ,
(dx,dy) = 2512 1<B%(yz) A Ki)pl|3%(yi)ﬂKi(dy)a ke N.

Combining this definition with (2.35) we get

d, ) e wlerde, dy) = 15202 N Bt ey T
o B%(yi)mKi k
N
2.36
=" ez ya{(ziv)}) (2.36)
=1
- c(z,y)a(dz,dy),
RxR

where the first equality follows from integration over Dirac measures and the second from (2.35).
We can check that o — o weakly whenever k& — oo completely analogously to the chain of
equalities in (2.36), by integrating any f € C,(R x R) against the measure o*. We see that

k—o0
RxR RxR

lim / f(,y)ak (dz, dy) = / f(, y)a(dz, dy).

We use here that restrictions of continuous functions are again continuous. This allows us to get
a similar result as (2.35) with ¢ replaced by f. We can then apply the same set of equalities as
in (2.36) to get the above limit. The key point of introducing these o is that these measures
depend on (z;,p;) € I', to which we can apply the martingale C'-monotonicity property. For that
we need to construct martingale C-monotone competitors for all a’;i. This is possible by virtue of
Lemma 2.6.1 and results into sequences of competitors { % } e for {a¥ }ren. To provide a little
bit more detail,

¢ the set {aml, ..., 0z, will act as the set {p1,...,pn};
* the set {azl, el a’;N}keN will function as the set {p%, ..., pk }ren;
* and the set {3;,,..., By} as the set {q1,...,qn}.
Lemma 2.6.1 then gives us sequences of competitors {qf, . .., ¢& tren for {af ,... ok }pen with

q¥ — B, weakly as k — oo. It is now possible to construct Fj;-competitors 3* for each oF,

(dz,dy) = Z% (dz)B({(zi, y:)})al (dy).
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These measures are actual F;-competitors for o as
N
aoproj ! (dz) = Y &y, (dx)a({(zi,4:)}) = a o proj; ' (dv)
i=1

N
= B oproj; ' (da) = Z 0z, (d2)B({(zi, y:1)}) = B* o projy ! (du),

[ vt = [vattan) = [ 5w

R R R

Here the first sequence of equalities relies heavily on the fact that o and  were already (¢, Fay)-
competitors. The second line of equalities follows directly from Lemma 2.6.1. The last thing we
need to check is ¥ — 8 weakly. For f € Cy(R x R) we get

k—o0
RxR

N
[ o) ) = i 39 R/ (i )al (dy)

N
= 38D [ Fai)ie (@
i=1 R

I
WE

/ F B (i, 90)}) B (Ao, ()

=1pYR
- / £ (. ) B (dy)proj, (8) (dx) = / f (. y)B(de, dy).
RxR RxR

Finally, we can combine all these results into

/ c(z, y)a(dz, dy) 22 lim c(z,y)a* (dz, dy)

k—o00
RxR RxR

N
= lim C(xy, aii)

k—o00 4
=1

N
< limsup Z C(z;, BE)

k—o0 i—1
_ limsup / e(z, y)B*(da, dy) < / ¢(z, y)B(dz, dy).
koo RxR RxR

The second equality is because we have chosen C(z, p) = [; ¢(z,y)p(dy), the first inequality is
due to martingale C'-monotonicity. Recall that each (x;, p;) is in the martingale C-monotone set
I' and

L 1

. mpb% (yi)NK; -

el

By construction the 3% are competitors for o . So their C values must be less than those of oy, .
The final inequality follows by ¢ being upper semicontinuous and Theorem A.1.4, as was the case
as well in the proof of the reverse implication. O
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3. A general monotonicity principle

For the original OT problem we could define the notion of c¢-cyclical monotonicity, which in the
case of OT was both a necessary and sufficient condition for optimality as seen in Theorem 1.3.2.
As c-cyclical monotonicity carries no information about the conditional distribution of the cou-
plings considered, we have no hope that this condition would be sufficient or even necessary for
the MOT problem. In the search of stability of the MOT problem there were some independent
monotonicity results in specific cases [12, 34], with the most general result given in [14]. The
idea is to generalize the OT problem to a general class of problems that minimise some inte-
gral over a set of measures, where the measures have to satisfy some constraint. This constraint
will be given in terms of a set of functions. We have already seen two specific examples of such
problems by the characterisation of the MOT and MOWT problems given in Lemma 2.4.1 and
Lemma 2.4.6 in terms of the sets Fy; and Fy;.

Definition 3.0.1 [Generalized moment problem]. Let X and ) be Polish spaces, with Borel mea-
surable cost function ¢ : X x Y — R. Assume that we have a set F of Borel-measurable functions
on X x Y and write

Ir = {71' € P(X x)ﬂ)‘ /f(a:,y)ﬂ(da:,dy) —O,erf}.

The generalized moment problem associated with F is then given by either finding the value or
minimizer, if it exists, of

mellx
X<y

inf / c(z,y)m(dx, dy). (GMP)

We can now generalize Definition 2.4.2 to encompass a more general set of functions F, which
will logically be called (¢, F)-monotonicity.

Definition 3.0.2 [Competitors and (¢, F)-monotonicity]. Let £ be a Polish space and F a set of
Borel measurable functions from F to R.
(1) Ameasure o € P (FE) is called an F-competitor of « € P (F) if and only if a(f) = o' (f)
forall f € F.
(2) Aset I' C E is called (¢, F)-monotone if and only if for any probability measure «,
finitely support on I', and any F-competitor o’ we have a(c) < o/(c).
(3) A measure P € P(E), which is supported on a (¢, F)-monotone set, is then also called
(¢, F)-monotone.

3.1. Necessity of (¢, F)-monotonicity
Definition 3.0.2 also generalises the idea of c-cyclical monotonicity by looking at any finite ran-

dom configuration of points instead of only allowing cyclic permutations. We now state the
monotonicity principle.
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Theorem 3.1.1 [Monotonicity principle]. Let E be a Polish space, with Borel measurable cost func-
tion c: E — (—o00,400]. Let F be a family of Borel-measurable functions on E satisfying
(1) There exists a function g : E — [0, 00) such that each element of F is bounded by some
multiple of g. Le., for each f € F there is a constant ay € RT such that |f| < ayg.
(2) All functions in F are continuous, or F is at most countable.
Further assume that there exists a minimizer ©* to the GMP problem associated with F, then 7* is
(¢, F)-monotone.

Remark 3.1.2. Note that the linear restraints given in Lemma 2.4.1 and Lemma 2.4.6 are of
the setting in Theorem 3.1.1. The sets R? x R? and R? x P(R?) are both metric spaces, which
are in particular Polish spaces. For the first assumption of the constraint sets we note that all
function sets considered contain only bounded functions. For the set F),, it is possible to consider
g(z,y) = (x — y) and bound every function by arg = || f||-g. For the other set Fu, We can use
the function g(z,p) = [(z — y)p(dy). o

For the proof of Theorem 3.1.1 we will need the following result, the proof of which can be
found in [13], Proposition 2.1.

Lemma 3.1.3. Let (E,m) be a Polish probability space, and M an analytic subset of E',1 € N, then
one of the following is true:

(i) there exists m-null sets My, ..., M; C E such that M C Uﬁzlproji’l(Mi), or

(i) there is a measure n on E' such that n(M) > 0 and noproj; ' <mfori=1,...,1.

Proof of Theorem 3.1.1. We need to construct a monotone set I" for the optimal transport plan
7*. To do this we will construct for each [ € N a set I'; with 7*(I';) = 1 such that for any finite
measure « concentrated on I'; with |supp(«)| < [ and

(@ alE) <1,

) [p9(x)a(dz) <,

(© ‘C’supp(a)‘ <1
there is no F-competitor o’ with a(c) > o'(c) on at most ! points and satisfying the above re-
quirements as well. If we can find such sets we can set I' = M;enI';, which will turn out to be the
required set.

To achieve this goal, fix | € N and define the following subset of the product space E',

M ={(z1,...,2) € E! | 3 a measure « on E, satisfying (a), (b), (c),supp(a) C {z1,..., 2}
such that there is an F-competitor o’ with a(c) > o(c), satisfying (a), (b), (c)}.

We can realise M as the projection of a Borel set, which ensures that M is analytic. We need M
to be analytic for Lemma 3.1.3. The set that we need to project is

/ ro ! l l l [
M:{(21,...,zl,a1,...,al,zl,...,zl,al...,ozl)EE xRy x E* xR :

I I
a= Z a;0,, and o/ = Z a;d satisfy (a), (b), (0), [c|supp(a)usupp(ary| <!
i—1 i=1

and «a(c) > o/(c)}.

If we project M onto the first [ coordinates it becomes M. The set M is Borel by the assumption
on the set F, meaning that M is analytic.

We can now apply Lemma 3.1.3 to the space (F,7*) and the set M. There are now two cases.
If () holds we can directly construct the set I'; by defining NV, := Uﬁ-lei, and taking I'; := F'\ N,.
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This set has full measure, as all the M; are null sets for 7*. By definition, if « is supported on
', with |supp(a)| < [ and satisfying (a), (b) and (c), then we cannot find a F-competitor o/
that has a(c) > o/(¢). Such pairs of measures can only be defined on the compliment of I'; by
construction.

On the other hand, we can show that if (¢7) holds, a contradiction appears. We can assume that
the measure 7 is concentrated on M and satisfies 7 o proji_1 < %w* by restricting and rescaling.
An application of the Jankow-Von Neumann selection theorem (Theorem A.1.16) to the map
proj, : M — M gives us a mapping

oM — ]R:_ X E (20 (a1(2), .., 0q(2), 24(2), .., 20(2), 0 (2) ..., a)(2))
such that
(z,®(2)) € M.

Additionally, the map ® is measurable with respect to the o-algebra generated by the analytic
subsets of E'. Note that every Borel set is analytic. So this o-algebra encompasses the Borel
o-algebra. We construct the following measures

l
Oy = Zai(z)ézi,
=1
l
= Za;(z)é
=1

From these measures we get kernels z + a, z — o/, from E' with the o-algebra generated by the
analytic subsets to E with the Borel o-algebra. We can define new measures from these kernels,
w,w’ on the Borel sets of E :

w(B) = / 0 (B)(d2),

El
W(B) = / o, (B)(dz).
El

By construction we have for that for all B € B

[
w(B) = / a:(B)n(dz) = 3 [ i), (B)n(d2)
El Z':lE'l
[ l
<Y [ 6B = Yo noproi (B) G-
=17y i=1
1

In particular, this means that w < 7*. As the penultimate step we show that «’ is an (¢, F)-
competitor of w with w(c¢) > w'(c). For each f € F we get

/f( /(dw) //f ' (de)n(dz) //f o, (dz)p(dz) /f

E El E E!
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Where the first and last equality are justified because [, g(x)o.(dz) <, [ g(z)a’(dz) < [ forall

z and f is bounded by g. Hence, the function f is integrable with respect to «, and «’,. The second

equality is justified by the properties of the set M, out of which these kernels were constructed.
Finally, we can state the contradiction. As we have that |¢| < [, (w + «')-a.s., we find that

/ W (dz) / / ' (de)n(d2) / / e (dz)n(dz) = / c(@)w(d).

E Rl E Rl

We can now construct a new measure 7’ := 7* — (w —w'’), which is a probability measure because

of (3.1), with
/c(m)w’(dx) < /C(aj)w*(dx)

E E
and 7’ € 11z by construction. This is a contradiction with the assumption that 7* was optimal. []

Now that we know that optimality implies (¢, F)-monotone, it is immediately also true that an
optimal martingale coupling should be (¢, F)s)-monotone, because of the characterisation given
in Lemma 2.4.1. This shows that Theorem 2.4.4 is true. It remains to show that an optimal
coupling for the MOWT problem is martingale C-monotone, which we will prove now. To remind
ourselves of all the assumptions, we restate the theorem.

Theorem 2.4.8. Let C : R? x P.(R?) — [0,00) be measurable and P* € Ap;(u,v) optimal for
(MWOT’) with finite value. Then P* is martingale C-monotone. Moreover, if C additionally satisfies
for dll x € R? and Q € P,(P.(R%))

/ C(z,p)Q(dp), (2.10)
P(R%)

then any optimizer * of (MWOT) with finite values is martingale C-monotone. Note that (2.10) is
satisfied if C is convex in second argument.

Proof. The first part of the theorem follows from Theorem 3.1.1. Note that if we set ¢ = C
and F = F, then we are exactly in the right situation to apply Theorem 3.1.1. To see that
we can apply Theorem 3.1.1, we need to check that (C, Fj;)-monotonicity implies martingale
C-monotonicity. Recall that (C, F)s)-monotonicity means that P* is concentrated on a (C, Fy;-
monotone set I'. By definition, we have for any finitely supported probability measure « concen-
trated on I" and an F;-competitor o’ that o(C) < o/ (C).

We can construct probability measures that precisely encode the martingale C'-monotonicity
requirement. Indeed, let (z1,p1),...,(zn,pn) € T and also consider (z1,q1),...,(zn,qn) €
RY x P,.(R?) with

N N
Zpi = Zqz', (3.2)
i—1 i1

5= [untdy) = [vatdy). i=1..N (3.3)

R4 R4
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We will show that the following probability measures are Fj;-competitors,
| N
o= N Z 5($17pz)

N

: : xm‘]z

The set Fu consists of the three sets F,, J{—u and F,. First we check the integral equality for
[ € Fm,

N

%Z / i —y)pi(dy) 0
- 7

1 o (3.3)

)=y Lt o) [ (@i = aian) 2
= 2

For f € J%u we get
N
alf) = o fle) — [ f@n(de) = a'(5).
i=1 Rd

Finally, f € F, gives us

i:v:/ y)pi(dy)

Z\H

N
Z/ y)ai(dy) = o' (f).
=1Ra

It is now clear that a and o/ are F)/-competitors. Using that a(C) < o/(C) we find martingale
C-monotonicity

N N

> Claipi) = Na(C) < No/(C) = ) C(xi,py).

i=1 =1

Theorem 3.1.1 guarantees that P* being optimal implies that P* is (C, Fj;)-monotone and be-
cause of the above argument that implies martingale C'-monotonicity.

For the second part of the theorem we first note that for any = € M(u, ) we have that J(7) €
Apr(p,v). For our purpose it is beneficial to actually write out what J(7*) is, giving

//C’xp )(dp, dz) = //Cmp - (dp)p(dz)

Rd P(R4) Rd P(R4)

:/C(m
J

3.4
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Furthermore, we have that for any P € Ap/(u, v) that I(Py)(dy)u(dz) € M(u,v). We can now
apply assumption (2.10) to get

| | ctwniaaa (3‘”/0 2, 73)u(da)
Rd P(Rd)
< / C(x, 1(P,))p(dz)
Rd

< / / O, p) Pa(dp)p(de)
Rd P(R4)

:/ / C(z,p)P(dx,dp).
Rd P(R4)

Here, the first inequality follows from the assumption that 7* is optimal and the second inequality
follows from assumption (2.10). ]

3.2. Sufficiency in R x R

In the previous section it was shown that the monotonicity principle formulated in Theorem 3.1.1
is necessary for GMP problems. What is maybe surprising is that it is a sufficient condition to
check optimality for a coupling for the MOT problem in the one dimensional case. A version of
this result with a specific cost function was originally proven by Beiglbock and Juillet in [12].
This result was later extended and the proof was simplified by Beiglbock and Griessler in [27].
This result is one of the main ingredients in our proof of stability of the MOT problem. For this
proof we will need some intermediate results.

Proposition 3.2.1. Let x : I — Rbe convex, u,v € P1(R) with i < v, as defined in Definition 2.1.3.

Then, for any m € M(u,v), the value
{ [ x@mta) - x<x>] ()

Feo= [
R

R
is well defined in [0, oo] and does not depend on the choice of .

Proof. We can intuitively argue why this definition is well defined by noticing that

F(x) —/ {/ X(y)mz(dy) x(x)} p(dz) = /x(y)V(dy) —/x(w)u(dw)-
R

R LR R

The only issues that we have to resolve are integrability issues. This will be done by approximating
x with functions that have well behaved integrals.

Define x,, to be the smallest convex function that is equal to x,, on [—n,n] and grows linearly
on |z| > n. We can find this function explicitly by finding two affine functions ¢ (x) such that

ln(=n) = x(=n), ln(n) = x(n), (3.5)
x(x) > £, (x), x(x) > 6 (x) VxeR. (3.6)
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Let us look at the construction of /7, as the construction of /,, goes almost analogously. Note that
the left derivative of x exists, because of the convexity of y, and set

e qigg X = x(n =)
hl0 h

Define £ (x) = L(x — n) + x(n). It is clear that £ (n) = x(n) and taking the left derivative
ensures that this is the smallest affine function satisfying 3.6. To construct ¢,, (z) we repeat the
same procedure, but take the right derivative instead of the left derivative. We can now define
Xn as

Notice that, as the left derivative and right derivative are non-decreasing and non-increasing

respectively, that the slopes of £ (x) and ¢, (z) will also be non-decreasing and non-increasing in
n. To show that F'(x,,) — F(x) we define

f@) = [ xw)ma(dy) - ().
R
Fu@) = [ a@maldy) = o)
R
By Jensen’s inequality we see that

flz)= /x(y)m(dy) - x(z) > x (/ ym(dy)) - x(7) = x(z) — x(z) = 0,
R R

and completely analogously we find that f,,(z) > 0. For n < m we have that x,, agrees with
Xn on [—n, n], and outside of [—n, n] x,, will grow faster than y,, by definition. This means that
Xm — Xn 1S again convex. By another application of the Jensen’s inequality to the function y,, — x»,
for n < m we also get

fm(@) = fn(2) = / Xm(y) = Xn (Y)72(dy) = Xm(2) + xn(2)

R

> Xm (/ywx(dy)) — Xn (/ ym(dy)) — Xm(%) + Xxn(x) = 0.

R R

This shows that the functions f,, are monotonically increasing. So we can apply the monotone
convergence theorem to the monotonically increasing sequence { f,, }, to get

F(x) :/ [/x(y)m(dy) x(x)] p(dz)
R R

_ / lim _ / Xn@%(dy)—xn(m— u(de)
LR -

n—00

— lim / X @)7a(dy) — xn(2) | p(de)
LR

= Jin [ xa()(dy) - [ (s,

R R
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All the integrals on the right hand side exist, because the functions y,, grow linearly. This shows
that the left hand side is well defined. O

Definition 3.2.2. Let ¢,v : I — R be measurable functions and y : I — R a convex function
such that both [ (¢(z) — x(2))u(dz) < co and [ ¥(y) + x(y)v(dy) < co. We define the function
G as

Glp,¥) = /«P(x) = x(z)pu(dz) + /¢(y) + x(y)v(dy) — F(x).
R R
Proposition 3.2.3. Definition 3.2.2 is well defined and does not depend on the choice of .

Proof. Let x,x’ : I — R be both convex. If both G, (¢,%) and G,/(yp, ) are infinite, then the
statement would obviously true. So, we can assume that G, (¢, ¢) is finite. We can now compute
the difference to see that

Gl ) = Grolit) = [ (@) = x(@hulda) + [ xty) = X lw)vlda) + () = F(0). G327
R R
From the proof of Proposition 3.2.1 we saw that

Flx) = / @) (dy) - / x(@)u(dz),
R R

FO) = [X@ridy) - [ X (@n(do).
R R
These expressions precisely cancel out all the other terms in (3.7), which is what we wanted. [

Lemma 3.2.4. Let ¢, 1, A : I — R be measurable functions and m € M(u,v). If ¢ and v are as in
Definition 3.2.2 and the function

§(z,y) = () +¥(y) + Alz)(y —2)
has a well defined integral with respect to  in [—o00, c0), then
Gle) = [ ola) + vmaldpuas) = [ ey,
RxR RxR

Proof. The proof follows from a sequence of definitions and equalities. We start out by writing
out the definition of G

Gl 1) = / o(x) - x(@)u(de) + / b(y) + x(w)(dy) — F)

R

R
- / () — x(@)u(dz) + / / (y) + x()me(dy)u(dz) — F(x)
R R

R

L

(@) — x(z) + / b(y) + x(w)m(dy) — / X (dy) + x<x>) (dz)

[, R
(

%'\ %\
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To finish the argument we remark that

| A@ - omtde.dy) = [ Aw) ( / yﬂx(dy)w) () = 0.

RxR R R

Combining this with what we found earlier gives us

// y) + Az)(y — z)me(dy)p //fxy (dz, dy).
R

Lemma 3.2.5. Let ¢,v : I — Rand A : I — R be functions, and let ¢; € L*(p) and ¢3 € L?(v) be
such that the inequality

O]

p(x) +9(y) + Az)(y — ) < er(z) + e2(y)

holds on a set A x B with i(A) = v(B) = 1. Then there is an interval I' C I with u(I') = v(I') =1,
and a convex function x : I' — R such that ¢ — x < ¢ p-a.e. and 1) + x < ¢ v-a.e.

Proof. For notational convenience we define f = ¢ — ¢; and g = ¢) — ¢. This results in
f(@) +9(y) + Alz)(y — z) <0. (3.8)
We also define the lower convex envelope of —g as in Definition B.1.2,
x(z) = sup{a(z) |a: I — R convex with « < —g on B}. (3.9

This is the largest convex function on I that is smaller than —g on B by Proposition B.1.3. We
need to check that this function is not equal to —oo somewhere on B. Note that for any x € A
the function f,(y) = f(z) + A(z)(y — x) is convex, as for t € [0, 1]

fa((L=)y1 + ty2) = f(2) + Alx)(1 = )y + ty2 — )
=1 =t +)f(x) + A@@)((1 = )yr +tys — (1 = )z + t)
=1 =8)(f(2) + Al@)(y1 — 2)) + t(f(2) + Az)(y2 — 7))
= 1= fa(yr) + tf(y2).

Also, by (3.8) we know that f,(y) < —g(y) on B. So, we have found a finite convex function
that is contained in the set seen in (3.9), meaning that y(x) will not be be equal to —oo. It will
also be shown that x < oo on I’ = co(B), where co(-) is the convex hull of some set. From our
assumptions we know that v(I’) = 1 and by the fact that y < v we also have that (') = 1. By
definition of y we also know that

(
(y

f(@) + Ax)(y —z) < x(y).

As this holds for all z € A and y € co(B), we can look at the case when = = y. We see that for
all z € AN I’ we have f(z) < x(x), which gives us

fx) = (x) —ar(x) < x(x) <= @) —x(2) <cafz) p-ae

Similarly, we can look at y € co(B) N I'. From which we get

9) =v(y) —c2(y) < x(y) = ¥(y) —x(y) <e2(y) v-—ae.
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We are almost ready to start the proof of Theorem 2.4.5. For the final preparations, we need
to know what it means for a set to be regular and irreducible, and how this relates to martingale
couplings. Recall, that for a set B C R¢ x R%, we denote by T, the fibre of x in I, meaning
I, ={yeR(2,y) €T}

Definition 3.2.6. Let I be an open interval. A set A C R x R is called regular on I if A C I x I
and for every x € I we have A, = @ or A, = {z} or z € (inf A,,sup A;). Here, I indicates the
closure of I.

A set A is called irreducible on I if A C I x I and for every y € I there exist x € I and
y~,yt € Ay sothaty™ <y < y™.

Now that we know what regular and irreducible set are we can state the following proposition.

Proposition 3.2.7. Assume that ¢ : R> — R is continuous and let T be a (¢, F)-monotone set that
is regular and irreducible on some open interval I. Then there exist upper semicontinuous functions
@ : I — [—00,00),7 : co(projy(I')) — [—o0,00) and a measurable function A : I — R such that

o(x) +¥(y) + Ax)(y — z) < c(z,y)

forall x € I, y € co(proj,(I")), with equality holding whenever (x,y) € I'. Here, co denotes the
convex hull of a set.

Proof. See the proof of Proposition A.10 in [12]. O

In the proof of Theorem 2.4.5 we will need that the (¢, Fjs)-monotone martingale coupling is
concentrated on a (¢, F)s)-monotone set that is additionally irreducible and irregular, because we
want to apply Proposition 3.2.7. The following three results ensure that we can assume that this
is the case, without losing any generality. Before we give those results, we will need a definition
of irreducibility of measures.

Definition 3.2.8. Let u, v € P;(R) such that u < v. We say that (u, v) is irreducible if there exists
an open interval I such that u(I) = 1 and v(I) = 1 and

/ ly — z|p(dy) < / ly — z|v(dy) Vael.
R R

Theorem 3.2.9 [Decomposition of (i, v)]. Let p,v € P1(R) such that u < v. Then there exist
subprobabilities {u}res and {vi}kes with ux = vy and (p, vy) irreducible on Iy, for each k € J,
such that

szukv V:ZV]C

keJ keJ

The set J is an index set that is either equal to N or {1,..., N} for some N € N. Additionally, any
martingale coupling m € M(u,v) can uniquely be decomposed into subprobabilities {my}xes such
that

’ﬂ'ZE Tk,

keJ

and each 7y, is a martingale coupling between i, and vy.
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Proof. See the proof of Theorem A.4 in [12]. O
We can reduce the MOT problem to the components found in Theorem 3.2.9.

Proposition 3.2.10. Let u, v € P (R) such that p < v, # € M(u,v) with decompositions { u } ke,
{vitres and {mi}res as in Theorem 3.2.9. Let ¢ : R x R — oo be lower semicontinuous with
a(x) € LY (p),v € L' (v) such that c(z,y) < a(z) + b(x). Then, a martingale coupling 7 is optimal
if and only if every my, is optimal for the MOT problem between p, and vy,

Proof. See the proof of Corollary A.4 in [12]. O

The final result we will need is that we can choose the (¢, F)s)-monotone set to be regular and
irreducible, whenever p and v are already irreducible.

Lemma 3.2.11. Let u, v € P1(R) such that (i, v) is irreducible on the set I. Let ¢ : R x R — [0, 00)
be a measurable function. Let 7 be a (c, F)r)-monotone probability measure concentrated on T
Then, there exists a Borel measurable set I' C I' N (I x I) that is regular and irreducible on I such
that ©(T') = 1. Moreover, I is still a (¢, Fy;)-monotone set.

Proof. See the proof of Lemma A.9 in [12]. O

We are now ready to state the proof of Theorem 2.4.5. We state the full theorem again as a
reminder.

Theorem 2.4.5. Let p,v € Pi(R) with p = v. Let ¢ : R x R — [0,00) be measurable and
c(z,y) < a(x) +b(y) for a € L' (n) and L' (v). Then any (c, Fpr)-monotone = € M(u, v) is optimal
for the MOT problem with measures p and v.

Proof. As was stated before, we may assume that 7 is (¢, F)-monotone on a regular and irre-
ducible set I'. If this is not the case, we can decompose i, and 7 as in Theorem 3.2.9. For
each component (uy, ;) and 7, we can invoke Lemma 3.2.11 to get a regular and irreducible
(¢, Far)-monotone set I' for 7. The proof below then ensures that 7, is optimal. Repeating this
for each component and using Proposition 3.2.10 allows us to say that 7 is optimal.

So, let 7 be a (¢, Fjs)-monotone measure and assume without loss of generality that I is regular
and irreducible in addition to being a (¢, Fjs)-monotone set for 7. First invoking Proposition 3.2.7
we can get functions ¢, ¢ and A such that

o(r) +¥(y) + Ax)(y — ) < c(z,y) (3.10)

with equality on the (¢, F)-monotone set I'. We can now apply Lemma 3.2.5 and get a con-
vex function that fits the requirements that are needed for Definition 3.2.2. Similarly as in
Lemma 3.2.4 we define

E(z,y) = (o) +9(y) + Aly)(y — ).

The function ¢ is bounded by ¢, which in turn is bounded by two integrable functions ¢; and
co. So & must also be integrable for every coupling between . and v. Let 7’ € M(u,v), then by
Lemma 3.2.4 we have both

Glo, ) = / £(z, y)m(dz, dy)

RxR
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and
Glet) = [ &yr'(dn,dy).
RxR

However, we also have

/é(w,y)ﬂ(dx,dy): /C(w,y)ﬂ(dx,dy)

RxR RxR
and

[ cwnranay < [ clon @ dy),

RxR RxR

because 7 is concentrated on I" and 7’ is in general not concentrated on I'. The functions ¢ and
¢ are equal on the set I" and ¢ is bounded from above by ¢ outside of I" because of (3.10) and
Lemma 3.2.5. Combining this all together gives us the desired result,

[ cammiandy) = [ @pndndy = [ €wprdndn < [ eloprdody)

RxR RxR RxR RxR
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4. Weak adapted topology

In Chapter 2 we introduced the spaces R? x P,(R?%) and P,(R? x P,(R?)), which helped us to
create new meaningful monotonicity principles for the MOT and MOWT problem. These spaces
were originally introduced to study so called adapted distances for the laws of processes. The
problem these adapted distances try to resolve is the fact that it is possible to construct a sequence
of processes that converge in the weak topology, while the limit process has a completely different
causal structure compared to the processes in the sequence [6]. We will start this chapter with an
example of such a process to explain what is meant by a process having different causal structures.
After this clarifying example we will move onto our study of the maps I and J and prove that
they preserve relative compactness.

4.1. Introduction

We will now show an example of processes that have different causal structures, but for which
weak convergence holds. This example is taken from the introduction of [6]. It will also be
our goal to illustrate why the map J resolves the emerging problems. To construct a sequence
of processes for which the limit process has a different causal structure, define the probability
measures on R x R

C1 1
P 1= 50(e2) + 50(-¢-2)

1 1
P:.= 55(0’2) + 5(5(0’_2)

(4.1)

These measures describe 2-step processes taking values in R. The interpretation of the (z,y) €
R x R in the subscripts of Dirac measures in (4.1) is that = indicates the position at time ¢; and y
indicates the position at time ¢». See the Figure 4.1 for a visual representation. It can be shown

T T
2+ - 2+ .
51 8
< 0 2¢ - =0 < 0 8
o I ez, &
—2L i 9L o
| | | | | |
0 1 2 0 1 2
Time Time

Figure 4.1.: First plot shows the process described by P¢ and the second plot illustrates the process
described by P

that P¢ — PP in both the weak topology and the Wasserstein topology, which seems logical when
looking at the pictures in Figure 4.1.
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However, if we think about the causal structure of these processes, then it is not so clear why
the distributions of these processes should converge to each other. The reason is the following.
In the process described by P¢ with ¢ > 0, the first step is stochastic, but the second step is
deterministic given the first step. In the process described by P, the first step is deterministic,
but the second step is stochastic given the first step. The fact that P does converge to P in
the weak and Wasserstein topology has negative consequences for optimal stopping problem:s,
utility maximization and stochastic programming [7]. Different authors have developed various
techniques to circumvent these issues. All these techniques result into so called weak adapted
topologies. We will introduce only one of these techniques, called the adapted Wasserstein distance.
Unfortunately, there are too many other techniques and the theory behind them is too rich for
a full discussion in this thesis. We refer to [7] for a more detailed overview. In that article
Backhoff-Veraguas et al. proved that all these methods result in equivalent topologies.

The adapted Wasserstein distance was independently introduced by many different authors
under different names. It was first introduced by Vershik in [51, 52]. Pflug and Pichler introduced
an equivalent concept and showed its potential in various stochastic optimization problems [40,
41]. More recently, Laselle was able to connect this distance to a causal version of the optimal
transport problem [36]. The adapted Wasserstein distance also found an application in finance
in this form [6]. This is the version we will briefly introduce, but for more details we refer to its
respective papers. We will need two definitions, the notion of a bi-causal coupling and the actual
adapted Wasserstein distance.

Definition 4.1.1 [Bi-causal coupling]. Let X', ) be Polish spaces and take u € P(X),v € P(}),
with filtrations F{¥ C F3¥ and FY C Fy for the o-algebras of X and ) respectively. A coupling
7 € II(u, v) is called bi-causal if the maps

X = [0,1], z — 7, (A),
Y — 0,1}y — my(B),

are F{¥- and F?-measurable, respectively, for all t € {1,2}, A € ¥ and B € F?. Here, 7, and
7, indicate the regular disintegration with respect to = and y respectively. We denote this set of
couplings by ITj.(u, v).

Definition 4.1.2 [Adapted Wasserstein distance]. Let (X, d) be a metric Polish space, r € [1, 00)
and p, v € P,(X), the adapted Wasserstein distance of order r is defined as

AW o) = it [ dg)e(de. dy)
WEHbc(ﬂv”)
XXX

It turns out that the embedding map J plays an important role in the theory of the adapted
Wasserstein distance. Namely, for two measures i, v € P; (X x )) we have the following equality
by Theorem 4.4 in [50]

Dl(J(:u)7 J(V)) = AWl(H? V),

where D is the Wasserstein-1 distance on P; (X x P1())) as defined in Section 2.3. This is impor-
tant, because in general the space (P;(X x )), AW;) will not be complete anymore. However,
we can find a completion of this space by embedding P; (X x )) into P1(X x P1(Y)) through J.
The completed space is then given by (P (X x P1(})), D1). See Theorem 4.7 in [50] for more
details.
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Let us return to our example as described in (4.1) to illustrate that this technique resolves our
problem. If we apply the map J to the measures given in (4.1) we get

J(P)(dz,dp) =P o projl_l(dx)épg (dp)
1 1
= 50c(dw)dpe (dp) + 50-e(dz)dpe (dp)

1 1
= 55(6,52)(@7 dp) + 55(—6,5,2)(@7 dp).

This measure actually converges to the measure given by P = %5(0’52) + %6(07572), while J(P) is
given by

J(P)=Po projl_l(d:c)(spz (dp)
= do(dz)dp, (dp)
= 50(dx>5%62+%572 (dp)

=94 .
(07%%,52)%5(0,5,2))

This illustrates that we do not have P© — P when ¢ — 0 in this new topology! The new topology
remembers the causal structure of the original processes and carries this structure to the limit,
which is what we wanted. This concludes this short discussion on why the map J is an interesting
and even a natural object to study.

4.2. Tightness & Compactness

We will now continue our study of the map J and I and prove that they both preserve relative
compactness as stated in Lemma 2.3.2. We will follow the proof in [4] closely. To show that J
preserves relative compactness, we will need a clear characterisation of relative compactness in
the space P,.(P,(R%)). Once that characterisation is clear, we will show that relative compactness
in P,(P.(R?) can be related to relative compactness in P,(R?%). Using that result, we can show
relative compactness of J.

Recall that in the weak topology, relative compactness is equivalent to tightness by Prokhorov’s
theorem (Theorem A.1.6). However, when we are working in the W, -topology, we need to
strengthen that result a bit. Lemma 4.2.1 tells us that we will need an additional uniform in-
tegrability assumption on top of tightness to establish relative compactness in the W,-topology.

Lemma 4.2.1. A set A C P,(R?) is relatively compact in the W,-topology if and only if it is tight
and there exists a y' € R? such that for all € > 0, there exists an R > 0, for which

sup / d(y,y) u(dy) < e. (4.2)
peA

RANBR(y')
If the property (4.2) holds for some v/, then it holds for any v’ € R? automatically.

Proof. Let us first prove the final statement of the lemma, that (4.2) holds for all 3/ € R? if it
is true for just one 3/. Let ¢ > 0 and assume that (4.2) holds for some 3/ € R and R > 0 .
Pick another 3y € R? and set Ry = R + d(y, o) + 1. Note that the ball around 3, with radius
Ry covers Bp(y') completely. We also have that at least Ry > d(y',yo) + 1, which ensures that
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B1(y'") € Br,(yo) and consequently that 1 < d(y,y')" for y € R%\ Bg,(yo). Using the bound in
(4.2) then gives us

sup / u(dy) < sup / d(y. ') u(dy) < c. 4.3)
neEA neA
RN BR, (y0) RANBr(y')

Using the triangle inequality we see that

sup / d(y, vo)" u(dy) < sup / d(y,y) u(dy) + / d(y/ o) (dy)

neA neA

Rd\BRo(yO) Rd\BRo(yO) Rd\BRo(yO)
< sup / d(y, ') u(dy) + (o yo)" / u(dy)
S
: R\ Br(y') RNBRr(y")

<e+dy yo)e=1+dy yo)" e

The second inequality follows from the fact that Br(y') C Bgr,(yo). The final inequality follows
from (4.2) and (4.3). As ¢ is arbitrary, this shows that property (4.2) holds for any vy if it holds
for one /.

“=" We know that W, topology is stronger than the weak topology, meaning that relative
compactness in the W, topology implies relative compactness in the weak topology. We can thus
use Prokhorov to see that A is tight. Assume that (4.2) fails, meaning that there exist 3 € R?
and € > 0 such that for all N € N there is a u € A such that

d(y,y') pn(dy) > e, (4.4)

RABy (y')

which we will show implies a contradiction. We used here that property (4.2) should hold for all
y € R by the argument at the beginning of this proof. The inequality in (4.4) implies

i im i au > €. .
Jim lim inf / d(y,y) un(dy) > € (4.5)

RANBR(y")

However, because A is relatively compact, we can find a convergent subsequence in P, (R¢) for
any sequence in A. In particular, we can do this for the sequence {ux } yen By the different char-
acterisations of convergence in the WV, topology as described in Theorem 1.5.5, this immediately
means that

lim limi N = 0.
Jim lim inf / d(y,y) un(dy) =0

RANBRr(y")

This is a clear contradiction with (4.5).

“«< Let A be tight and such that (4.2) holds. As A is tight, we know that any sequence { it }ken
has an accumulation point x somewhere in P(RY) with respect to the weak topology. We will
first show that actually p € P,(R?), i.e. that x4 has an r-th moment. Then, we will show that the
convergence also holds in the W, topology.

By taking subsequences and renumbering the sequence, we can assume without loss of general-
ity that u — p weakly for £ — oco. By the monotone convergence theorem, and the Portmonteau
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theorem (Theorem A.1.4), we see that
/d(y, y) u(dy) = lim / RAd(y,y")" n(dy)
R R

< Jim timin [ RAd(y. o)) < sup [ dly. o).

~ R—oo k—oo keN
R4 R4

We can now invoke (4.2) together with an € > 0 and see that for some R > 0 one has that

/ Ay, o) u(dy) < sup / d(y.y/)" i (dy) + sup / d(y.y/) i (dy)

keN keN
Rd Br(y') RA\BR(y")
< sup / d(y,y")" pe(dy) + € < co.
keN
Br(y')

This shows that u € P,.(R?). Finally, fix some, possibly other, ¢ > 0. Pick R > 0 such that

/ d(y, ') — R A d(y, o) u(dy) < c, 4.6)
Rd
sup / dly, ') 1 (dy) < e. @4.7)
keN
RANBr(y")

The bound in (4.6) can be achieved, because of the monotone convergence theorem (Theo-
rem A.1.2). Note that the function fr(y) = R" A d(y,y’)" increases monotonically to f(y) =
d(y,y")". The bound in (4.7) holds because of (4.2). The weak convergence of {u }ren gives us

tim [ RN dly.y' ) peldy) = [ B A dy) ()

k—o00
R4 Rd

asy — R"Ad(y,y')" € Cy(R?). Because of this, we can find a ko such that for all k > kg

/Rd Ad(y, y")" (p — p)(dy)| < e. (4.8)
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Putting these three bounded quantities together gives us for k& > kg

/ Ay, o) (s — ) (dy)| = / R A d(y,y') (s — p)(dy)

d d

+ / d(y,y)" — R" Ad(y,y')" (e — 1) (dy)
Rd

4.8)
< e+ /d(y, y') =R Ad(y,y)u(dy)

d

N / d(y, /)" — R Ad(y,y')" p(dy)

d

(4.6)
< 2e+ / d(y,y) e (dy)| < 3e.

N\Br(y')
As € > 0 was arbitrary, this shows that p;, — p in the WW,-topology as well. O

A classical result for tightness is that we can characterise tightness in P(P(R?)) by tightness in
P(R?) using the map I from Definition 2.3.1. This characterisation is given in Lemma 4.2.2.

Lemma 4.2.2. A set A C P(P(RY)) is tight if and only if the set of its intensities 1(.A) is tight in
P(R?), where I is defined as in (2.5).

Proof. See page 178, Chapter 2 in [48]. O

We can derive a similar result using Lemma 4.2.2 for relative compactness in the W, topology
in in P,(P,(R?) and P(RY).

Lemma 4.2.3. A set A C P.(P.(R%)) is relatively compact if and only if the set of its intensities
I(A) is relatively compact in P,(R?), where I is defined as in (2.5).

Proof. “=" Using item (iii) of Theorem 2.3.2, which was already proven, we know that I is a
continuous map. This immediately shows the implication from left to right, as continuous maps
preserve relative compactness.

“«<" To show the other direction, we will use the characterisation given by Lemma 4.2.1. We
need to verify tightness of .4 and for some ¢’ € R? that

Ve > 03R, > 0 : sup / Wi (p, 6,y)" P(dp) < e. 4.9
PeA
{peP(RY) | W (p,0,/)>Re}

We start by showing (4.9). So let I(.A) be relatively compact in P,(R?) and fix an ¢ > 0. By first

applying Lemma 4.2.1 to the set I(A) we see that it is tight and that (4.2) holds. By tightness,
we can find a K > 0 such that

[dwyriea < k.

R4
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forall P € A. Note that the product measure is the only coupling between 6, and any p € P,(R?).
Using this we get for all P € A

[ wiiw.s )= [ [dwyrpanpan = [deyyieia <K @10

Pr(R4) Py(R4) R4 Rd

Now we can use (4.2) to find an R > 0 such that

(4.11)

l\D\m

d(y.y')"p(dy) P(dp) = / Ay, o) T(P)(dy) <

Pr(R?) RN\BR(y') RNBR(y')

Set R, = max { 22X R} and Ag_ = {p € P.(RY) | W,(p,5,/) > R}, which gives us

1

sup P(Ag,) < sup — [ Wi(p,dy) P(dp) <

PeA peA R y
Re

ke

The first inequality follows from Markov’s inequality (Theorem A.1.3) and the second inequality
follows from (4.10). Using this bound, we can find

K KeR" €
p(dy)P(dp) < sup P(Ap )R" < — = = 12
1831;13‘/ / (y,9")"p(dy) P(dp) Sup (Ag,) S ) (4.12)

ARE Br(y

Finally, we can combine (4.11) and (4.12) to show (4.9). This gives us

sup / Wi (p, 0,)" P(dp) < sup / / d(y,y )P (dp)
PeA
ARe
Ssup// (y,y') " p(dy)P dp+sup/ / (y,y")"p(dy)P(dp)
PEA PcA
AReRd\BR
PR
2 2

Next, we need to show that A is tight in P(P,(R?)). We can first invoke Lemma 4.2.2 to see
that A is tight in P(P(R%)), meaning that for every ¢ > 0 we can find a compact set K. C P(R%)
such that

inf P(K.) >1—e.
PP 2 1=

We will now construct a set K, C K, that is compact in P,(R?%) and has the property that

inf P(K.)>1—e.
PeA

To construct this set, let { R,, },en be a sequence of numbers with R,, > 0 for all n € N and

—_

sup P | { p € P.(R?) / dga(y,y') p(dy) > — —.
PeA n 2
R4\ B, (v/)
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This is possible because of Lemma 4.2.1 and the fact that

Pliven®@)| [ duyrsn=2il<n [ [ dwywapa

R\ Bpg,, (') RINBg,, (') Pr(R?)
—n / d(y, ' )p(dy)I(P)(dy).

RNBg,, (y')

The inequality follows directly from Markov’s inequality as stated in A.1.3. The final expression
above can be bounded uniformly in P by our assumption that I(.A) is already relatively compact.
We can now define K, as

K.=(pe K, n €N

1
n

[y <
RNBRg,, (v')
This set is a closed set. Furthermore, it is relatively compact, because the condition in the set

definition ensures precisely that Property (4.2) holds. So, K. is in fact compact. We can now
finish up by stating

. nyd > 1
it PR 2 PuC) =Y P ({per®y] [ duen) >
n=1 RNBRg,, (y')
21—6—22%:1—26.
n=1

O

As a final preparatory step for the proof of Theorem 2.3.2, we show that mapping a measure
to one of its marginals is a continuous operation. This allows us to check relative compactness
of a set of measures on a product space, by looking at the marginal sets. This is a classical result
when considering tightness of measures on the product space.

Lemma 4.2.4. The sets A C P(R%), B C P(R?) are tight, if and only if the set
C={recPR?xRY|7roproj;' € Aand 7o proj,* € B}

is tight.

Proof. “="Let ¢ > 0 and pick K; C R?%, K, C R? such that

s (R 1) <

suIB)V (Rd \ Kg) <
ve

N DN

This is possible, because both A and B are tight. We now see that the claim holds, as K7 x Ky C
R? x R? is compact and

supq(]Rd x R\ K7 x Kg) < supgq ((Rd\K1> x Rd) +supq(Rd x <Rd\K2>)

qeC qeC qeC
= sup (Rd \ K1> + supv (]Rd \ K2> < €.
peA veB
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“<"Let € > 0 and choose some compact set X C R% x R? such that

sup7m(RY x R4\ K) < e.
wel

Let K1 = proj,(K), then this is a compact set again, because the projection is a continuous
function. We then get

. _ 1 _ dy > S1—¢
plLlel.Elu(Kl) TlrIéf(;ﬂ'OpI'O_]l (K1) Tlrrelgw(Kl x RY) > }rlé{éﬂ'(K) >1—c¢

This shows tightness of A. Similarly, we can show tightness of B by using proj,. O]

For relative compactness in the W,-topology on the product space we get the following similar
lemma.

Lemma 4.2.5. Let 7 € P,.(R? x R?) and r € [1,00), then the mappings

Mary : P, (R? x R?) — P,.(RY), m — 7 o proj; ! = p,
Mars : Pr(R? x R?) — P,.(RY), 7+ 7o proj; ! = v

are continuous. Consequently, the sets A C P.(R%), B C P(R?) are relatively compact if and only
if the following set is relatively compact

C={qe PR xR qoproj;* € Aand qoproj,' € B}.

Proof. We show continuity for taking the first marginal only, as the proof of continuity of the
second marginal is identical. Let {m, }ren be a sequence in P, (RY x RY) that converges in the W,-
topology. In particular this means that we can test the convergence against integration of continu-
ous functions f(x, y) for which there existsa C' € Rsuch that | f(x, y)| < C(1+d((x0,v0), (z,v))").
Where d is a compatible metric on R? x R% and (z¢,y0) € R% x R? can be chosen arbitrarily. This
class of functions in particular encompasses functions of the form f(z,y) = g(z), which gives us
continuity, as

lim [ g(x)my o proj; }(dz) = lim g(z)m(dz, dy)
k—o0 k—o0
Rd Rd xRd
— | swndndy) = [ glo)moproj; ! (do).
Rd xRd Rd

This shows that the first marginals of 7, also converge to the first marginal of 7. We can repeat this
argument but with functions of the form f(z,y) = h(y) to get continuity of the second marginal.
Now that we have continuity, we can show that A and B are relatively compact if and only if C
is relatively compact.
“«<" This direction follows directly from the fact that mapping a measure to its first or second
marginal is continuous, because

A = Mar(C),
B = Mary(C)

and relative compactness is conserved by continuous mappings.
“=" The sets .A and B are relatively compact in the W, -topology, which is stronger than the
weak topology. So, A and B are also weakly relatively compact and by Prokhorov’s theorem
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(Theorem A.1.6) they are tight. Lemma 4.2.4 then tells us that C is also tight. We can now use
Lemma 4.2.1 to show relative compactness. We only need to check that property (4.2) holds.
We already now that this property must hold for .A and B. So, fix ¢ > 0 and let 2’ € R, ¢/ € R?
and Ry, Ry > 0 such that

sup / d(z,2") p(dz) < =,
neA
RI\BRg, (z')

, €
sup / d(y,y')'v(dy) < 5.
veB

R\ B, («')

Take R = max{R1, Ra2}, see that

ap [ Ay e dy) s [ dea!)ude)
weC peA
R4xRI\Bg(z',y) R\ Bg(z')

+ sup / d(y,y) v(dy) < i
veB 2 2
R\ Bg(z')

Here, the compatible metric R¢ x R is given by d((z,y), (z/,4/))" = d(z,2')" + d(y,v')". This
shows that Property 4.2.1 holds and we can conclude that C is relatively compact. O

We now have all the ingredients to state the proof of items (i) and (i7) in Lemma 2.3.2. We
want to show that the embedding map J and its left inverse I both preserve relative compactness
in the W, -topology.

Proof of Lemma 2.3.2. Next, we show that if A C P,.(R¢ x P,(R%)) is relatively compact, then
I(A) also has this property. This is almost immediate. By the previous paragraph, we know that
is continuous and as continuous maps preserve relative compactness we see that / (A) is compact
whenever A is relatively compact.

Next, we show that if IT C P,.(R? x R?) is relatively compact, then also .J(II). Let IT C P,.(R% x
R?) be relatively compact. Consider the following sets

' = {p € P(R?) | 3P € II such that p = P o proj; '}

112 = {p € P(R%) | 3P € I such that p = P o proj, '}

IT) = {p € P(R")| 3P € J(II) such that p = P o proj; '}

13 = {p € P(P(R?)) | 3P € J(II) such that p = P o proj; '}.

The first two sets are the first and second marginals, respectively. The last two sets consist of the
R9- and P,(R?)-marginals of the measures in J(IT). As the embedding .J leaves the first marginal
unchanged, we immediately have that IT* = II}. Now, if p € 113, then p is the P,(R¢)-marginal
of some J(7) with m € P(R? x R?). The map I is just the second component of the left inverse
of J. So, it must be that I(p) is the second marginal of . We see that I(I13) is a subset of II%.
Subsets of relatively compact subsets are again relatively compact, from which we conclude that
I(I1?%) is relatively compact. By Lemma 4.2.3 we know that I1? is relatively compact if and only
if I(I13) is relatively compact, meaning that I1% is also relatively compact. This shows that both
marginal sets of J(II) are relatively compact, which implies that J(II) itself is relatively compact
by Lemma 4.2.5.

If we now assume that .J(II) is relatively compact, then it follows that IT = I(.J(II)), which is
relatively compact by the continuity of I.
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Finally, if I(A) is relatively compact, we can again argue that the set of first and second
marginals are relatively compact because of Lemma 4.2.5. By Lemma 4.2.3 we now see that
R?- and P, (R?)-marginals need to be relatively compact. From which we conclude that A must
be relatively compact as well. O]
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5. Computation

Up to this chapter, we only devoted ourselves to the theoretical aspects of the martingale optimal
transport problem. However, its origins lie in an established practical application. Most notably,
it is used to find robust bounds on prices of exotic options. Consequently, it is important to
find numerical schemes that approximate the solution to the MOT problem well. In this chapter
we will discuss the issue of actually calculating the minimizer and value of the MOT problem.
Specifically, we will illustrate why the methods used in the classical OT problem do not translate
well to the martingale case and we will introduce a method developed by Guo & Obtdj that
circumvents these issues. At the end of this chapter, we will showcase some examples to illustrate
the effectiveness of the method. Throughout this chapter we will consider the version of the MOT
problem that maximizes the cost functional, as this is more commonly done in practise.

5.1. Problem with OT methods

Let us first consider the OT problem for measures y, v € P(R?) and consider the following setting.
If 1 and v are discrete measures, then it is possible to rewrite the OT problem as linear program-
ming (LP) problem [39]. This was in essence also the crucial insight of Kantorovich when he was
working on the OT problem [33]. Write i and v as

Z @bz, (dz), v(dy) = Z Bjby, (dy).
j=1

The equivalent LP problem of the OT problem with p and v becomes

maXpERnmeZp” c(x;,y;) such that Zp”—al, fori=1,...,n
=1 j=1

Zpi,j =p;, forj=1,...,m.
=1

Presently, it is possible to solve these kinds of LP problems efficiently, using the simplex algorithm
for example [9]. When Kantorovich was working on the OT problem, he did realise that you could
extend this LP formulation in a meaningful way to non-discrete settings. However, he was not
able to provide an algorithm, which was proven to work. This was possible only later, when the
field of linear programming was more developed.

In more recent times, OT has found its way into many different disciplines. As a consequence,
many new algorithms have been developed for different settings. See the book Computational
optimal transport by Cuturi and Peyré for an extensive overview of such algorithms [39].

A logical step forward to finding an algorithm for the computation of the MOT problem is to
once again consider an LP formulation. The good news is that this is possible, and the resulting

74



LP formulation looks like

n m m
maxp € Rgém Z Zpi7jc(3:i,yi) such that me =a;, fori=1,....n
i=1 j=1 j=1

n
me:ﬂjv forj=1,....,m (5.1)
=1

n
E PijlYj = Q;x; fOl’iZl,...,n.
j=1

This formulation was first proposed by Davis et al. in [19]. For general measures one would
approximate y and v with a sequence of discrete measures {(f,, ¥») }nen and solve the equivalent
LP problem. The hope would then be that this approach will approximate the solution for a
general MOT problem. However, there are two issues one runs into when using this approach:
(i) There are no general continuity results for the MOT problem. This means that we are
not guaranteed to approximate the MOT value with a sequence of discrete measures.
The stability results provided in Theorem 2.5.1 and Corollary 2.5.2 show that the MOT
problem is continuous for measures defined on R. However, for the general case there
are still no known requirements to ensure continuity, if they exist at all.

(ii) Conventional methods of discretizing the measures y and v will in general not ensure
that y,, is less than v, in the convex order. The consequence of this is that the LP problem
can become unsolvable. There are methods that will preserve the convex order [8], but
these only work for measures defined on R.

5.2. General method

The method given by Guo & Obtdj in [28] circumvents the aforementioned issues by relaxing
the martingale property and considering a sequence of Linear Programming problems, where
the relaxed martingale property is gradually made stricter. The relaxation of the problem solves
two problems. It ensures the restrictions in the resulting LP problem are not too strict, so that
the LP problem can be solved. The second issue it solves, is that we do not have to require
that the approximating u,, and v, are in convex order. We will provide the full method and the
convergence results in the case of N = 2 and d = 1 proved by Guo & Obldj. First we state what
the setting is in which we will work

e The space we will work in is 2 = R

* We will use the coordinate process (Sx)_, for N € N, which is defined as

Sp(z1,....aen) =k, Y(z1,...,25) € QY.

* The space Q" is endowed with the natural filtration (F)_; of (Sy)i_,.
* The Wasserstein metric for vectors of probability measures, i = (u1,...,u;) and v =
(v1,...,), is defined as

k
Wr(ﬁv ’7) = Zwr(ﬂia Vi)'

i=1

The interpretation of this setting is that we consider d stocks on N different trading dates. For a
vector of probability measures ji = (/Jk)i;vﬂ with ¢ € P(Q2), we can define a set of couplings as

(7)== {PePOQY)|PoS =, fork=1,...,N}.
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Before we can introduce the relaxed version of the MOT problem we need the definition of an
e-approximating martingale.

Definition 5.2.1 [e-approximating martingale]. Let ¢ > 0, a probability measure P € P(Q%) is
said to be an e-approximating martingale measure if foreach k =1,..., N

Ep [|Ep[Sks1 | Fi] — Skl] < e (5.2)

We denote by M. (fi) C II(ji), the set of all e-approximating martingale measures that are com-
patible with i. Finally, we set P. C P(2)" to be the collection of vectors of measures /i such that

M.(fi) # 2.

The relaxed optimisation problem is now defined as follows.

Definition 5.2.2 [relaxed MOT problem]. Let ii = (p1,...,pun) with g € P1(Q) for all k =
1,...,N,ji € P.and c: QY — R a measurable function, the relaxed MOT problem is defined by
finding the value or minimizing coupling of

V]ﬁ[(ﬁ) = [Pe,}\lxllf(ﬁ) EP [C(Sl, ey SN)] .

The next theorem allows us to use the relaxed MOT to approximate the original MOT problem.

Theorem 5.2.3. Fix a ji = (u1,...,un) with ux, € P1(Q) forallk =1,...,N and p = pgy1 for
allk =1,..., N — 1. Here, the symbol < indicates the convex order as described in Definition 2.1.3.
Let {ji"}nen be a sequence with in P(Q)™ that converges to i in the W topology. Then, ji" € P,
with r,, := Wiy (ji", ji). We assume that ¢ : QN — R is a Lipschitz function. Then, the following two
statements are true.
(i) For any sequence {¢y }nen With €, > 0 such that €, > r, for all n € N and ¢, — 0, one
has
lim Vi7 (") = Vi ().
(ii) For each n > 1, Vi (i) admits an optimizer P,, € M., ("), i.e. Vi (ii") = Ep, [c]. The
sequence {P, } ey converges weakly whenever V(i) has a unique optimizer.

Proof. See the proof of Theorem 2.2 in [28]. O

The idea is now to approximate /i with a sequence of discrete measures, for which we can
rewrite the relaxed MOT problem as an LP problem. The resulting LP problem can then be solved
by any existing LP algorithm. If we approximate /i carefully, i.e. such that the assumptions in
Theorem 5.2.3 hold, then it is guaranteed that the sequence of LP problems converge to the true
value of Vi ().

In the case of of N = 2 and d = 1 Guo & Obtdj actually provide an estimation of the convergence
rate of this approach.

Theorem 5.2.4. In the same setting as in Theorem 5.2.3, let N = 2 and d = 1, which means that
fi = (u,v) and ¢ : R x R — R. Additionally, assume that sup,. , erz |05,¢(x,y)| < oo and v has a
finite second moment. Then, there exists a C' > 0 such that

Vi (" v7) = Vi v)| < C jnf Aa(R), Vi =1,
>
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where A\, : (0,00) — R is given by

M) = (Rt Vet [ (ol - RPv(dy).
(—00,R)U(R,00)
In particular, the convergence rate is proportional to €, if supp(v) is bounded.
Proof. See the proof of Theorem 2.5 in [28]. O
We are now ready to state the algorithm for the MOT problem. In the following we will assume
that i = (u1,...,pun) with ug € P1(Q) forallk =1,..., Nand p < pgyq forallk =1,... , N—1.
The measures that we will consider are either fully discrete or admit a Lipschitz continuous

density with respect to the Lebesque measure. For the approximating method we will also need
the assumption that there exists # > 1 and My < oo such that

[laun(de) < ay

R4

Because of the convex ordering this also means that [, |z|%u(dz) < My forall k = 1,...,N.
The approximating method follows the following steps
1. Truncation: First we need to bound the support of each u;. Let R > 0 and define

Bg = {JZ: (xl,...,:vd) ERd| ‘:E1| <R, fori = 1,...,d}.
Take R such that u(Bgr) > 0. We truncate j;, as follows

i 1(de) = 1p,(2)p(de) + u(R?\ Br)do(da).

One can show that

My
Wi (Nk,Ra Hk) < W

In particular, this means that P}im Wi (i, R, i) = 0.
— 00
2. Discretization. Denote by €2,, C R? the countable subspace consisting of elements 4 for
all g = (q1,...,qq) € Z%. For each q € Z%, we denote

Z(%) Z:{.’E:(l’l,...,fﬁd)eRd| LanJ:qZ forl':]_’”"d}.

The discretized probability measure for uy, supported on (2, is then defined as

[ =z ()

For this discretizing method, one can show that

Wi (™ ) <

Sl

If we have a measure that admits a density, then uy(dz) = pg(x)dz for some function
pr. and define u,g"}% as

w [{21] = / pl)dz 02 L e By, (5.3)
2(2)
0N =1 =3 [{ 2]
270
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The calculation of the integrals in (5.3) can be costly and inefficient. In that case we
can discretize the measure as follows

A [{)) =T 0x e
oy = 1= > [{2}]. (55
q#o

n

The values Tg are values in Z (%) and should be chosen such that the sum in (5.5) does
not exceed 1.

3. Optimal parameters. We need to set all parameters in a suitable ways so that the as-
sumptions of Theorem 5.2.3 are satsified. Let v > 1 such that % + % =1 and set

1
R, — <9M9”) o (5.6)
~yd

If we use the approximation given in (5.4) and (5.5) we need to be a bit more careful, as
we are using the densities to approximate the measures. As we assume that the densities
are Lipschitz continuous with Lipschitz constant L, we set the bound to

o= | (e . 2

It can be shown that this R,, leads to the sharpest inequality in the following bound,

My

n d
Wl(ﬂ;&}pﬂk) e T

Additionally, all assumptions of Theorem 5.2.3 will be satisfied, which yields

lim Vip (") — V(@) for i = (0"} ... 1),

n—oo
In the case where we are not working with densities, we can set

_N’yd
T n

€n

and for the case Lipschitz densities we can use

1  2R’L

€n =N (n + ]1 ) R € R such that supp(u) C Bg, (5.8)
1 M, 2R’L  4M,

€n =N <n + szl + ; + 2?) unbounded support . (5.9

Once we have create our discretized measures, we can rewrite the relaxed MOT problem as an LP
problem. This LP problems is described as follows. The discretized measure " = (uf, ..., uR%)
consists of discrete measures of the form

pide) = 3" aka, (da),

i€l
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where I;, = {1,...,n(k)} labels the support of ;*. Denote by p = (Piv,.iin )irelr,...ively the
elements of Rgo with D := chvzl n(k). The LP problem is then given by

max E pil,‘_”iNc(m}l, A xﬁfv) such that
PERS 04 T in
E Div,...in :Oé;-gk, for i € I, and k = 1,..., N,

(5.10)

U1 yeeey bl —1,8k415e-IN

Z Z pil,...,iN(xfktll - xfk) <e€p, fork=1,...,N —1.

U1 yeenyil [Tkt 1yostN

Strictly speaking, this is not an LP problem, as the third line is not a linear bound. However,

we can add dummy variables §¢ = (51“ € R’;S with J = {1,...,d} and

11""’1’“’]>i1€I17---7ikelkJ€J

Dy :=d Hle n(r). We will then maximize over p as well as 6*. The 6* will be bounded by e,
and we can then use the §* to bound the sum in the third line of (5.10). The third line in (5.10)
now becomes

—oF < Z Diy.in (T af ) < oF ipjforig €l jeJandk=1,...,N,

Uik, — Tpt1,d  lksd i1,
Ukt1se-9IN

k
Z 5k g Sen fork=1,... . N—1.

01 ,ennsig
Ul yeenslks]

We refer to Corollary 2.4 in [28] for the details as to why this is the correct LP formulation.

5.3. Examples

The full method can be quite daunting. We will now discuss some simpler examples, which
should clarify how this computational method works in practise. The first example functions as
yet another reason as to why the MOT problem is fundamentally different from the OT problem.
The second example will serve as a more realistic example. We will look at the bounds of a
Lookback option with log-normally distributed risky assets. In both examples, we will set N = 2
and d = 1. The LP problems that need to be solved in the following examples are solved using
the Gurobi interface in Python.

5.3.1. Squared and exponential cost function

In this example we will look at the MOT problem for the cost function c(z,y) = (z — y)?. This is
an important cost function in the classical OT problem, as it represents the Euclidean distance.
The resulting OT problem can be used to model many phenomena in physics, because that OT
problem can be seen as some sort of energy functional that needs to be minimized. However,
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n=100 n=200 n=300

' 0.00 0.50 1.00 0.00 0.5 1.00 0.00 0.5 1.00 0.00 0. 1.00 0.00 0. 1.00 0.00 0.50 1.00
(a) Optlmal martingale couplings for ¢(z,y) = (z — y)2.
n=80 n=100 n=200 n=300

’ 0.00 0.50 1.00 0.00 0.5 1.00 0.00 0.5 1.00 0.00 0. 1.00 0.00 0. 1.00 0.00 0.50 1.00
(b) Optimal martingale couplings for ¢(z,y) = e*~¥.

Figure 5.1.: The heatmaps indicate where the optimal martingale coupling between y and v is
concentrated, where the y-axis represents i and the z-axis represents v. The number
n indicates the number of discretization points. The lines are artificially made thicker
for clarity.

considering this cost function in the martingale case is trivial. Let 7 € M(u,v), then

[ @ ypa(ds.y) - / Pu(do) — [ 2aym(de.dy) + / yv(dy)

RxR RxR
/m pu(dx) — / /ywm dy)p(dz) + /yzz/(dy)
R
= /xZM(dx) 2/332M(d56)+/3/21/(dy)
R R R
~ [vvid) - [ utan
R R

So, the integral only depends on x and v and not on what martingale coupling we choose. We
will see this in the optimal couplings calculated with the method of Guo and Obtdj, as they will
appear randomly selected.

Let p(dz) = p(z)dez and v(dy) = o(y)dy. Let ¢ be the density of a standard normal distribu-
tion, the densities p(z) and o(y) are given by

p(x) = (;p <1O(aj B 1)> ’[o 1y’
o(y) = Cla (;ap <20(y - ;)) )[071] + %cp <2o(y - 4)) 0 1]>

The density p is a truncated normal density on the domain [0, 1] with mean § and standard
deviation - 10 The density o is a bimodal den51ty consisting of two truncated normal densities
with means 1 and 4 , and standard deviations 5. Likewise, the densities are restricted to [0, 1].
The constants C, and C, ensure that the densities integrate to one.

It can be Veriﬁed that 4 < v and it is clear that the supports supp(x) and supp(v) are both
bounded. For each n we apply the discretization step for the set {% |0 < ¢ < n} to get the
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Figure 5.2.: The objective value V7 (1™, (™).

discretized versions u(") and v as defined in (5.4) and (5.5). It can be shown that p and o are

Lipschitz with L = 12. Putting all this together gives ¢,, = %. The LP problem that needs to
be solved is given by

max

n o n
Z Zpi,jc(ffi, y;) such that
nxn n
pERZO ,66R20 i—1 j=1

The coefficients «; and 3; are given by

Q; 1=

n
ag:=1— E Q;,
=1

n
E Pij = &y, fOI‘iZl,...,TL,
j=1

n
sz',j =B, forj=1,...,n,
=1

n
—6i <Y pijly; —w) <6 fori=1,
j=1

n
Z 0 < €.
=1

(5.11)

ﬁo =1 Zﬂ]
7j=1

The resulting couplings found by solving the equivalent LP problem are shown in Figure 5.1a
and the optimal values are shown in 5.2a. Although the couplings look random, there is still a
clear descent in the optimal values, when the number of discretization steps is increased. This is
most likely explained by the fact that we are are solving the LP problem of the relaxed version,
for which not all couplings are optimal, as the martingale property can be violated.

We can get picture with a nicer structure, if we use the cost function c(x,y) = e*~¥. All the

other steps remain the same. The results are shown in Figures 5.1b and 5.2b. We can see two
clear lines on which the martingale coupling is concentrated.

We can also compare the optimal martingale coupling with the optimal coupling from the
classical OT problem. The LP that has to be solved is the problem shown in (5.11), with the last
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n=100 n=200 n=300

0.00 0.50 1.00 0.00 0.5 1.00 0.00 0.5 1.00 0.00 0. 1.00 0.00 0. 1.00 0.00 0.50 1.00

(a) Optimal couplings for c(z,y) = (z — y)2.
n=80 n=100 n=200

70.00 0.50 1.00 0.00 0.5 1.00 0.00 0.5 1.00 0.00 0. 1.00 0.00 0. 1.00 0.00 0.50 1.00

(b) Optimal couplings for ¢(x,y) = e* Y.

Figure 5.3.: The heatmaps indicate where the optimal coupling between ., and v is concentrated,
where the y-axis represents ; and the z-axis represents v. The lines are artificially
made thicker for clarity.

two lines removed. The optimal values are also shown in the Figures 5.2a and 5.2b. The optimal
couplings are shown in Figures 5.3a and 5.3b. Now, we see that both cost functions result into
two nice couplings concentrated on one curve. The optimal coupling for squared cost function
also looks very similar to the exponential cost function.

n=10 n=30 n=50 n=70 n=100 n=200

1.0 2.0 3.0 3.0 3.0 4.0
2.0 2.0 2.0
0.5 1.0 2.0
1.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.5 1.0 0.0 1.0 2.0 0.0 1.0 2.0 3.0 0.0 1.0 2.0 3.0 0.0 1.0 2.0 3.0 0.0 2.0

4.0
(a) Optimal martingale couplings when using the theoretical bounds for e,
n=10 n=30 n=>50 n=70 n=100 n=200

1.0 2.0 3.0 3.0 3.0 4.0
2.0 2.0 2.0
0.5 1.0 2.0
1.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.5 1.0 0.0 1.0 2.0 0.0 1.0 2.0 3.0 0.0 1.0 2.0 3.0 0.0 1.0 2.0 3.0 0.0 2.0

4.0

(b) Optimal martingale couplings when using the artificially decreased bounds for ¢,,.

Figure 5.4.: Heatmaps of the optimal coupling for ¢(z,y) = max{z,y} — y, where the y-axis
represents p and the z-axis represents v. The lines are artificially made thicker for
clarity.

5.3.2. Lookback option

The MOT problem was of course motivated by the robust finance setting for option pricing. With
that rationale, we will look at a final example. Inspired by Example 3.8 in [28], we will consider
a risky asset on two dates. The price of this asset will be denoted by Sy and S7. Inspired by the
Black-Scholes model, we adopt a log-normal distribution for the two random variables S, and
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St. The densities of these log-normal distributions, p(dz) = p(z)dz and v(dy) = o(y)dy, are
given for x,y > 0 by

V2 aog(w)+ 1y
x\/T

L o) +h?

G(y)zyﬁ

Notice that the supports are now unbounded and supp(u) = supp(v). It is well known that
all moments exist for the log-normal distribution. By the convex ordering, we can bound all the

moments of p by the moments of o, which gives us for § > 1

/xep(a:)dx < /:Uea(y)dy = e1?(0-1) —, M.
R R

p(x) =

I

For our application we set # = 2. We bound the domain using the optimal R,, given in (5.7) and
take the discretization point {£ : 0 < i < nR,,i € N}. The descretized measures 1™ and (™)
are again obtained by utilising (5.4) and (5.5). Finally, we find that both p and o are Lipschitz
with constant I = 12 and set ¢, as described in (5.9). The LP problem that needs to be solved is

given by

nRn nRny nRy
max E E pijc(zi,y;) such that E pij =0y, fori=1,... Ry,
pERLG™ N SERYG™ 1T T j=1
nRy
E pi,jzﬂj, fOI'jzl,...,an,
=1
nRy

—6i§2pi7j(yj—:ci) S(Sz forz':17...,an,
j=1

nR,

Z 0 < €.
=1

(5.12)
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The coefficients «; and 3; are given by

Q; = 1=1,....,nRy, Bj == 1=1,....,nRy,

nR, nRy

0402:1*2041', ﬁo!zlfz,gj.
i=1 J=1

The optimal couplings are shown in Figure 5.4a with optimal values in Figure 5.5a. Unfortu-
nately, the ¢, that we should take from the theory remained too large and the relaxed problem
did not result in any good martingale couplings. The values of ¢, ranged from 10 to almost 100.
If we artificially decrease the values of ¢, by a factor of 50, we do get nicer pictures, as seen in
Figures 5.4b and 5.5b. This indicates that further research can be done to make the theoretical
bounds sharper for more efficient methods. Note the increasing support of the optimal couplings
by R, — oc. In Figures 5.5a and 5.5b we also show the optimal values when we look at the
minimizing MOT problem. From these values, we can get a feeling of how large the bounds can
get when actually using martingale optimal transport to get bounds on prices of options.
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Conclusion

The goal of this thesis was to describe the martingale optimal transport problem and discuss the
recently proven stability results given by Backhoff-Veraguas and Pammer in the one dimensional
case. Additionally, a numerical scheme for calculating the optimal value or optimizing martingale
coupling was given and two examples were presented.

To be able to prove stability for the martingale optimal transport problem it was needed to
introduce the notion of (¢, Fjs)-monotonicity and martingale C'-monotonicity. These definitions
allowed us to find necessary properties of an optimizing martingale coupling. Moreover, we
showed that (¢, Fjs)-monotonicity is actually a sufficient condition for an optimizing martingale
coupling in the one dimensional case. We were able to switch between (¢, F);)-monotonicity and
martingale C'-monotonicity by embedding the space R x R into the space R x P(R), through
the map J. A consequence of being able to switch between (¢, Fjs)-monotonicity and martin-
gale C-monotonicity was that the two definitions are actually equivalent. Finalle, We showed
that the map J preserves the relative compactness of sets, which allowed us to carry martingale
C-monotonicity to the limit of a sequence of martingale C-monotone probability measures. Com-
bining all these result allowed us to prove the stability results of Backhoff-Veraguas and Pammer.

The techniques introduced to prove stability of the martingale optimal transport problem are
all relatively new and unknown. Most notably, the introduction of a more general monotonicity
principle and the map J, were introduced only recently and vital to the proof. Chapters 3 and 4
served as a short introduction to these new concepts. In Chapter 3 we showed that we could cast
the martingale optimal transport into this general framework, which allowed us to derive the
(¢, Far)-monotonicity principle. Furthermore, the proof of sufficiency of (¢, Fjs)-monotonicity
was shown. In chapter 4 we gave a motivating example for usefulness of the map J and showed
that J preserves relative compactness. Any remaining proofs were displayed in Chapter 5.

The final Chapter was dedicated to the description of the numerical method developed by Guo
and Obtdj. We showed how their method works, and provided their convergence results. At the
end we showcased the effectiveness of the method by discussing two examples. The first example
served as another argument for the fundamental difference between the classical OT problem and
the MOT problem. The second example illustrated the use of MOT in the field of robust finance.

The question of stability of the martingale optimal transport problem in one dimension has
now been resolved. However, the question of stability in higher dimensions is still open. In
January 2021, a counter-example in dimension 2 or higher was shown to exist, casting doubts on a
stability result in higher dimensions. However, it could still be the case that there are assumptions
we can make to ensure stability in higher dimensions. The search of these assumption should
actively be pursued and could lead to valuable insights into the behaviour of martingales in higher
dimensions.
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Popular summary

Financial institutions have to calculate the right prices of various financial products daily. One of
the most popular variant of a financial product is an option. How to determine a correct price for
such financial products is a difficult problem. In Mathematics, we can formulate this problem for
specific options as follows. The pay-out of these kinds of options is determined by the value of a
stock at some time ¢ = 0 and the value of that same stock at some time ¢ = 7' in the future. The
value of the stock at these times will be denote by Sy and S7. These two variables are random, as
it is impossible to know the true value of a stock. The distributions of Sy and S will be denoted
by 1 and v. The amount of money you will gain from an option, is determined by applying some
function g to Sy and Sp. In general, one will only gain money from an option or you will not
receive any money at all, because if the option incurs a loss, you can just not exercise the option.
It remains an option after all!

Now that we have a mathematical formulation of an option, we want to calculate the price. But
what would be a fair price? As buyer of an option you want to make money out if it, but the profit
comes out of the sellers pockets. Thus, as seller you want that the price is high enough to cover
those pay outs. We are thus in the situation that the buyer wants to price to be low enough, so
that they expect to make a profit, while the seller wants the price to be high enough to cover those
profits. The only fair price of ¢g(Sy, St) for both parties will be a price that ensures that making a
profit is just as likely as not making a profit. For mathematicians this means that (Sp, S7) should
be a so called martingale. The joint distribution of (S, St) determines if (Sp, S7) is a martingale
or not. If this is the case, then we call the joint distribution a martingale distribution. Additionally,
this joint martingale distribution should be compatible with the distributions p and v. We call
this joint martingale distribution 7 and the fair price is then given by

Pfair = Eﬂ[g(507 ST)]

The price is given as an expectation, because the expectation ensures that the payout g(So, St)
is more than the price in half of the cases, and less in the other half of the cases. A buyer will win
as often as they lose as a consequence.

The difficulty lies in finding a 7 satisfies all requirements. Classically, this is done be building a
model that can explain how Sy follows from Sp. This model will give us a process (S;)~_, from
which we can calculate 7.

This method has been very successful in the past and is applied in many cases. However,
there are also drawbacks to this approach. Most notably, there is no guarantee that the model
that is employed, is even close to the true process governing the price of a stock. If that is the
case, then the price can lie far away from the true price. This can be very dangerous for the
economy. The research field of robust finance tries to find prices for financial products, without
postulating an explicit model. One of the methods that was developed for this case is called the
martingale optimal transport technique. One looks at all possible joint martingale distributions
that are compatible with x4 and v, in stead of creating a model and then calculating 7. We call
this set M(u, v). We can now look at the lowest possible price and the highest possible price:

Pow= _inf Egz[g(So,S57)], Fhigh = sup Exz[g(So,ST)].
TEM(p,v) TEM(p,v)
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The true price is still not known, but we can put bounds on what the eventual price should be. The
price can be chosen somewhere between these bounds, depending on how much risk a financial
institution wants to take (or is allowed to take).

If we consider P, then we can show that under some mild assumptions, that there exists at
least one distribution 7 that actually attains the infimum, which means that

Pow = inf [E; [g(So, ST)] = K« [Q(SO, ST)]
TEM(p,v)

for some 7* € M(u,v). For a long time, it was unsure if the mappings

(p,v) = 7,

) (5.13)
(:ua V) = Plow

were continuous. This is important especially for numerical methods, because proving conver-
gence of numerical methods that calculate these mappings becomes a lot easier. These numerical
methods are used in financial institutions. So, making sure that these algorithms actually work
is of paramount importance.

Luckily, two proofs appeared in 2019 by Backhoff-Veraguas and Pammer, and Wiesel, who
showed continuity of the two mappings in (5.13). The proof of Backhoff-Veraguas and Pammer
will be discussed in great detail in this thesis. In Chapter 2 we will introduce the results proven
by Backhoff-Veraguas and Pammer and show the necessary methods used in the proofs. We
will elaborate on these techniques in Chapters 3 and 4. The final chapter will show a recently
developed numerical method for the martingale optimal transport and we will calculate some
examples.
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A. Measure theory results

Theorem A.1.1 [Functional monotone class theorem]. Let (2, F, 1) a probability space and K C
B(Q), be closed under multiplication. Let H be a vector subspace of B(f) satisfying
* KCH.
s 1eH.
* H, is closed under bounded increasing limits. Here, H . indicates all non-negative functions
in H.
Then, o (K), CH

Proof. See Theorem 1 in [24]. O

Theorem A.1.2 [Monotone convergence theorem]. Let f, f1, f2,... be measurable functions on
(2, A, ) with 0 < fp, T f. Then fondﬂT fodN

Theorem A.1.3 [Markov’s inequality]. Let (£, .4, u) be a measurable space and f : w — R a Borel
measurable function. If e > 0, then we have

p((z e X [15@)] > ) < - [ |f@)uda).
X

Proof. See the proof of Lemma 3.1, page 40, in [32]. O
Proof. See Theorem 1.19, page 11, in [32]. O

Theorem A.1.4 [Portmanteau]. Let E be a metric space and let p, j11,... € P(E). The following
are equivalent:
D =
() [y fdux — [ fdpfordl f € Cy(C);
(ii)) limsupyey [ f duw < [ f dufor all upper semi-continuous functions f, that are bounded
from above;
(iv) liminfrey [ fdur > [ fdp for all lower semi-continuous functions f, that are bounded
from below;
(v) limsupycy 1x(C) < p(C) for all closed C;
(v) liminfren pr(O) > p(O) for all open O;
(viD) klgr;(} pr(A) = p(A) for all continuity sets A of p.

Proof. See Theorem 13.16, page 253, in [35]. O

Definition A.1.5 [Thightness of measures]. Let X’ be a Polish space and A C P(X) a set of
probability measures. The set A is called tight if, for any ¢ > 0, there is a compact subset K, C X
such that

sup (X \ Ke) < e.
pneA

Theorem A.1.6 [Prokhorov]. For any sequence of random elements {X;};en in a metric space S,
tightness implies relative compactness in distribution, and the two are equivalent if S is a metric
Polish space.
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Proof. See the proof of Theorem 14.3, page 254, in [32]. O

Theorem A.1.7 [Borel ¢ algebra and C]. Let (X, d) be a metric space with topology generated by
open balls with respect to the metric d. We then have that B(X) = o(Cy(X)).

Proof. “C”, Take A open, as the set of open balls form a basis for this topology we can consider
without loss of generality that A is of the form

A=B(r)={yc X|d(z,y) < e} =ds((—00,¢)) L.

Here we denote d(y) = d(x,y), which is a continuous function. It is not bounded however. To
circumvent this issue we can take a K > ¢ and consider the adjusted function

dx(y) = de(Y)1{a, )<y (V) + K, (p)>x3(Y)-

This is a continuous and bounded function, because d,(y) < K, with

dy((—00,€)) 7" = du((—00,€)) 7" = Be(a).

This shows that at least the generators of B(X) are in o(Cy(X)), but then the whole o algebra
must be a part of it as well

“D”, The generators of o(C, (X)) are precisely the sets of the form f~!(B) with B open in R for
some continuous function f. This also means that f~!(B) is also open, but in X. Thus we have
again that the generators of o(C;(K))are a part of B(X). So we have that B(X) D o(Cp(X)). O

Theorem A.1.8 [Glivenko-Cantelli]. Let (2, 7, P) be a probability space and assume that { X} }xen
are i.i.d. random variables with distribution function F'(t). Define the empirical distribution function
as

1
Fn(t) = n Z 1(foo,Xk](t)'
k=1

Then, lim sup;cg |Fy(t) — F(t)| = 0, P almost surely.
n—oo

Proof. See the proof of Theorem 19.1 on page 266 in [49]. O

Definition A.1.9 [Analytic set]. Let X’ be a Polish space, a set A C X is called analytic if it is the
image of a continuous function f : ) — A for some Polish space ).

Theorem A.1.10. Let X’ be a Polish space, for a set A C X the following are equivalent:
1. Ais analytic.
2. There is a Polish space ) and a Borel set B C X x ) such that A is the projection of B.

Proof. See Proposition 7.39, page 165, in [16]. O

Theorem A.1.11. Let X be a Borel space, then every analytic subset of X is universally measurable,
i.e. an analytic set is measurable with respect to every Borel probability measure. In particular, every
analytic set can be written as the disjoint union of a Borel set and a null set for any probability
measure.

Proof. See Corollary 7.42, page 169 in [16]. O
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Definition A.1.12 [Regular disintegration]. Let (T", B(T")), (S, B) be two measurable spaces with
probability measures u € P(T) and v € P(S). If = € II(u, v), then a regular disintegration with
respect to . is a collection of probability measures {7, }.c7, such that for every Borel measurable
function on 7' x S with

/ |f(t,s)|m(dt,ds) < oo

TxS

we have that

/f(t,s)ﬂ'(dt,ds): /f(t,s)wx(ds)u(dt).

TxS TxS

Theorem A.1.13 [Existence Conditional Kernel]. Fix a Borel space (S,B(S)) and a measurable
space (T, B(T')), and let X and Y be random elements in T and S defined on the same probability
space, respectively. Then there exists a probability kernel p from T to S satisfying P(Y € -| X) =
px(-) as., and p is unique a.e. Po X1,

Proof. See Theorem 5.4, page 84 in [32]. O

Theorem A.1.14 [Existence regular disintegration]. Let (€2, [P, A) be a probability space and fix
two measurable spaces (T, B(T")), (S, B(S)) and a sub o algebra F C A, and a random variable Y
in S such that P(Y € -| F) = v for some probability measure v. Further consider an F-measurable
random element X in T and a measurable function f on S x T with E[|f(Y, X)|] < oo. Then

IE[f(Y,X)\f]:/f(s,X)y(ds) as.

In particular, if F = o(X) and P(Y € -| X)) = px(-) for some probability kernel p, then

BIA(Y.X) | X) = [ £(s.X)nx(ds) as.

Note that this implies that ux (-) is a regular disintegration.
Proof. See Theorem 5.4, page 85, in [32]. O

Lemma A.1.15 [Measurable version of Lusin’s theorem]. Let I' C X x P()) be analytic, and
c: X xY — RU{+o0} be Borel measurable. Then there exists an analytic set I' C X x Y with the
following properties:
(i) For any (x,p) € T we have that p is concentrated on the fibre I, = {y € V| (2,y) € I'},
ie, p(I'y) = 1.
(i) For any (x,y) € T we find (z,p) € T, such that for any e > 0, we can select a Borel
measurable set K C I, such that
(@ p(K)>1-¢
(b) crestricted to {x} x K is continuous,
(c) y € supp(p) N K and for all continuous f : K — R, we have

/ p(B(;’(c;;’)m) p(dz) = f(y) ford | 0. (A1)
Bs(y)nK
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Proof. For the full proof we refer to Lemma 6.3 in [5]. The original statement of the theorem is
a bit different, but from the proof we can infer that the measure

1
p(Bs(y) N K )p|B‘5(y)mK'

converges weakly to ¢,, which shows the last statement of this lemma.
[

Theorem A.1.16 [Jankow-von Neumann selection theorem]. Let p be a surjective Borel map of a
Polish space X onto a Polish space ). Then there is a function s : ) — X, universally measurable,
such that po s = id.

Proof. See the proof of Theorem 13 of Chapter II in [46]. O
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B. Analysis results

Theorem B.1.1 [Moore-Osgood]. Suppose {an i}, xenz With ay i € R for all n, k € N. If
ILm an i = By uniformly in k
and

hm ank = Ap
k—o00

then the double limit lim a,, exists and

(n,k)—o0
lim lim ay, ) = hm lim a,, k.
n—oo k—o00 k—o00 n—00
Proof. This is a consequence of Theorem 7.11 on page 149 of [44] O

Definition B.1.2 [Lower convex envelope]. Let f : S — R be a lower semi-continuous function,
where S C R¢ is a non empty convex subset. The lower convex envelope taken over S, is the
function given by

92

f(z) =sup{g(x)| g is convex and g < f for all x € S}.

Proposition B.1.3. Let f : S — R be a lower semi-continuous function, where S C R% is a non
empty convex subset. The lower convex envelope f has the following properties:
(i) f is a convex function defined on the set S.
(i) f(z) < f(z)fordlz e S.
(iii) if h is any other convex function such that h(z) < f(z) for all z € S, then h(z) < f(x) for
all x € S.

Proof. See page 343 in [56]. O
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