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Abstract

Machine learning is the study of algorithms that teach computers unknown processes from
given data. One approach is to manipulate the input data in such a way that the algorithm
only uses a useful, sometimes simpler representation. This is called representation learning.
It is then possible to present how these algorithms work in a visual way. We argue that
any representation learning algorithm has a general structure that can be represented
by two such visual representations. The objective then becomes the minimisation of
some sort of ’distance’, called the KL-divergence, between the probability distributions
associated with these so called graphical models. Assuming this objective, it is possible to
find a calculable bound for the KL-divergence. This bound embodies the objectives of a
whole class of representation learning algorithms. We will show this is true for supervised
learning, Bayesian Neural Networks and the variational information bottle. This approach
attempts to introduce a more principled approach into the machine learning landscape.
Opening up a new way for analyses of many machine learning algorithms.
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Notation

Whenever we are dealing with vectors of multiple dimensions we will write them as bold-
face characters: x,y, z ∈ Rn. If an element is a scalar we will denote this with non
bold-face characters: x, y, z ∈ R. Integrating over a vector will mean that we integrate
over all components

For indices, we will always use lower indices to index elements in a sequence or a data
set, i.e. (xi)

N
i=1 or (xi)

N
i=1. If we are using an upper index, then we are talking about the

i′th element of a vector.
Random variables will be denoted by capital letters: X, Y . If we have a probability

measure that is paramatrised by some parameter θ, then we will denote this as pθ(x).
Whenever we are integrating with respect to a probability measure p(x) and for our
analysis it does not matter if this is a discrete or continuous measure we will use the
following notation:

∫
dP (x) =


∫
p(x) dx if X is a continuous random variable,∑

i

p(xi) if X is a discrete random variable.
(0.1)

When taking expectation values we will maintain the following convention: if there is
ambiguity about which probability measure is used to calculate the expectation value,
then we denote it EP [X] whenever we are using the p measure.
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1 Introduction

In recent years artificial intelligence and the study of learning resurfaced. Self driving cars;
programmes that can write coherent stories by themselves; and intelligent agents that can
help a doctor diagnosing a patient more accurately are some of the examples of advances
that were developed over the last years. The amount of research that currently is being
published is difficult to keep up with. The focus of research has mostly been on neural
networks, Bayesian statistics and also information theory. This thesis will combine these
research areas to present a new general framework to explain how a subset of machine
learning algorithm works.

That these areas were the main focus of artificial intelligence was not always the case.
Around the 1950s this field emerged because of multiple discoveries. Namely, neurons
either fire an impulse or do not, there is no soft or hard impulse (just like computer bits),
Shannon showed that every message signal consists of bits, and Alan Turing showed that all
computations can be described digitally with bits. These three facts combined resulted in
researchers thinking that the brain also works as a computer and thus could be mimicked.

Figure 1.1: A world we’d like to
avoid, xkcdR© .

At this stage research mostly focused on calculating
many possible outcomes of a scenario and then back-
tracking what the optimal solution was. This proved
successful for a short while. Unfortunately, this method
of optimising behaviour only works when the amount of
possible outcomes is not too large. This is not the case
for many real world problems, such as language process-
ing or vision. Sometimes the number of outcomes grows
even exponentially, resulting in programmes that are too
slow for any real world purposes. Research reached a
standstill for a while, until the 80s, when expert systems
were developed. These are systems that are fed logi-
cal rules beforehand, either from experience or rule of
thumb, to achieve certain tasks. This greatly improved
the performance, but eventually these systems also ran
into problems. Most notably, they behaved erratically
when presented with unusual inputs.

The final advance that was made was largely thanks to
Judea pearl in 1988 and his book Probabilistic Reasoning
in Intelligent Systems: Networks of Plausible Inference.

Concepts such as Bayesian inference, stochastic modelling and information theory were
introduced. This introduction allowed for more precise mathematical definitions and with
that more precise proofs of how artificial intelligence could work theoretically. Combined
with the fact that computers were at a stage where they could process the vast amounts
of data needed in reasonable time. The field had some making up to do after almost 40
years of promises and slowly some progress is being made .

More recently this has resulted in studying the behaviour of many algorithms, how these
algorithms converge and if we can learn something meaningful from the two combined.
In mathematics and physics, the answers do not always lie in the field itself, but can be
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found by making connections to other areas. That is also why in this thesis we will try
to make a connection between the study of machine learning and thermodynamics. This
connection was proposed by Alemi and Fisher in 2018 [1]. They showed that when picking
suitable graphical representations of these models we can find calculable bounds on the
distance between an ideal scenario and the real world. When optimising this distance a
surprising connection between learning and thermodynamics was made through the use of
information theory. Namely many of the quantities calculated in this approach find their
origin in how entropy or other thermodynamical quantities are calculated.

The connection between machine learning and physics is not something new. On a more
practical side machine learning has proved to be an incredibly useful tool in many areas in
physics. Applications of machine learning techniques have found their way into the study
of phase transitions in matter [28], as well as into the study of protein folding in biophysics
[21] and even into the study of quantum measurements [15]. While the results of machine
learning seem promising, the question of how a certain machine learning algorithms should
be implement is mostly an engineering one. By drawing inspiration from physics and
statistics we try to add more principled answers for this question to a largely trial and
error based field.

In this thesis we explain the necessary background knowledge to understand the ap-
proach that Alemi and Fisher have taken in their paper. In the first chapter we introduce
graphical models and get comfortable with them. The usefulness of working with such
graphical representations is also explained. Finally, we present some well known algo-
rithms as graphical models to drive this point home. In the next chapter we expand
our knowledge on information theory and prove some interesting and useful properties of
graphical models in relation to information theory. We conclude the chapter by deriving
functional bounds on information theoretic properties of our framework. In the last chap-
ter we return to the examples shown in the second chapter and show that our framework
describes a general family of algorithms. From the reader we expect some familiarity with
conditional probabilities, Bayesian statistics and some measure theory.

I would like to thank dr. Bas Kleijn and dr. Greg Stephens for their help and guidance
throughout my bachelor thesis. They were able to steer my into the right direction and
provided me with the right resources to move forward whenever I was stuck. Especially
the feedback and comments that I got on my written pieces were much appreciated.
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2 Graphical models and machine learning

2.1 Graphical models

The goal of machine learning and data analysis often is to find a certain underlying process
which drives or generates the data. Important questions to ask are “what are the vari-
ables that drive are relevant to this process?” and “how do they depend on each other?”.
However, most processes in the real world are so complicated, sensitive, or show chaotic
behaviour that we cannot know all the information needed to describe the system. Ex-
amples are biological systems[16], the Lorenz attractor [13] or climate [19]. The questions
we saw earlier then translates to what parameters define our distribution and how can we
find them from the data. This is where graphical models come in: a graphical model is
acyclical directed graph G = (V,E), that describes the dependent structure of multivari-
ate data. In a directed graph the edges are given by ordered pairs of nodes (v, w), with
v, w ∈ V , corresponding to an arrow from v to w. This arrow tells us we can go from v to
w, but not the other way around. In theory there could be a way from w to v through a
different sequence of nodes. Such a sequence (w, v1, . . . , vn, v) is called a path. However,
the requirement of an acyclic path means that no path from v to itself exists for all v ∈ V .
This implies that there cannot be another path from w to v, otherwise we could add the
edge (v, w) to that path and create a cycle. Which would be a contradiction with the
acyclicality of the graph.

One of the defining properties of a graphical model is that every node vi correspond to
a random variable Xvi , vi ∈ V . The edges between nodes indicate which random variables
are dependent on each other. Before we define a graphical model formally we need the
definition of a certain type of independence.

Definition 2.1.1. Let X,Y, Z be 3 random variables. We say that X,Y are conditionally
independent given Z if,

p(X,Y |Z) = p(X|Z)p(Y |Z).

Commonly notated as X ⊥⊥ Y |Z

To illustrate that this is different from normal independence look at 2 dice throws. Let
X be the number of eyes on the first throw and Y the number of eyes on the second throw.
Let Z be the sum of both. The random variables X and Y are independent, but given Z
they are not. For example, if we know that Z is even, then p(X = 3, Y = 2|Z) = 0, but
we have that p(X = 3|Z) · p(Y = 2|Z) = 1

6 ·
1
6 = 1

36 .
The graphical representation of this example model is given in figure 2.1. We will

see later that this is a formal graphical model, as the total joint distribution is given
by p(X,Y, Z) = p(X)p(Y )p(Z|X,Y ). This is the case because the two dice throws are
independent and the sum is dependent on X and Y .

Another definition that we need before we can move on to actual examples of graphical
models is exchangeability.

Definition 2.1.2. Consider an finite or infinite sequence of random variables (X1, X2, . . . ),
with joint probability distributions p(X1, . . . , Xn) for the first n random variables for all

7



Z

X Y

Figure 2.1: Graphical representation of two fair dice throws X, Y and their sum Z.

n ∈ N≥2. Then, this sequence is exchangeable if for all n ∈ N≥2 it holds that,

p(X1, . . . , Xn) = p(Xπ(1), . . . , Xπ(n)) π ∈ S(n), (2.1)

where S(n) is the symmetry group of order n.

Sometimes the assumption of independent sampled data is too strong, but we still would
like to reorder the data. Instead we can assume the data to be exchangeable, which would
allow us to still use a familiar approach to analysing the data. Now we can introduce the
graphical model.

Definition 2.1.3 (Graphical model). A graphical model is an acyclic directed graph
G = (V,E) and a collection of random variables {X1, . . . , Xn} with the following properties:

• for each node vi ∈ V we have a random variable Xi. Notated as Xvi

• The joint probability function is given by,

p(Xv1 , . . . , Xvn) =

n∏
i=1

p(Xvi | Pa(Xvi)). (2.2)

In other words, all random variables Xvi are conditionally independent given its
parent nodes.

This definition allows us to express statistical dependencies in a graphical way. We can
also see why our example with the dice is a graphical model. The joint probability function
factors into conditionally independent parts, namely p(X,Y, Z) = p(X)p(Y )p(Z |X,Y ).
In general a given acyclical directed graph can give rise a whole range of probability
distributions. If a distribution p is consistent with the given graph we will denote this by
p |= G. Unfortunately, with large data sets these graphs can become incredibly big and
messy as each data point would be represented by a new node. Therefore, we introduce
the notion of plate notation

Definition 2.1.4 (Plate notation). A plate, a box drawn around nodes in a graphical
model, indicates a repeated dependence.

To illustrate how this simplifies the graphical models we will consider an example of
generating N i.i.d. samples from a normal distribution with mean µ and variance σ2.

Example 2.1.1. Let xi ∼ N(µ, σ2) for all i ∈ {1, . . . , N}. The joint probability function
is then given by,

p(x1, x2, . . . , xN ) =

N∏
i=1

pµ,σ2(xi) =

N∏
i=1

p(xi | µ, σ2). (2.3)

This example is graphically shown in figure 2.2. As we can see it greatly reduces the
size and clumsiness of the former graphical representation.
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µ σ2

x1 x2 xN

=

. . .
xn

µ σ2

N

Figure 2.2: Two graphical models describing the same model. The right model uses the
plate notation to make it more compact.

2.2 An illustrative example

To get more intuition on how these graphical models help us, let’s look at an example.
Specifically, an algorithm that is commonly used in almost every scientific field, such as
artificial intelligence, econometric and biology.

Example 2.2.1 (Linear regression). Consider the case of linear regression. Assume there
are N data points {(xi, yi)}Ni=1 with the following properties:

• yi = xTi β + εi,

• εi ∼ N(0, σ2) for all i = 1, . . . , N .

The goal of machine learning would be to have an algorithm that finds a β̃ which
minimises a cost function or error function. Most often the quadratic difference is taken:

c({(xi, yi)}Ni=1; β̃) =
N∑
i=1

‖yi − xTi β̃‖2. (2.4)

We will not go into detail how to solve this problem, because there exists already plenty
of literature on how to do this exactly. We only want to illustrate what a simple model
would look like as a graphical model. If one would want to add any priors to this model,
then that can easily be done by adding a row to figure 2.3 on top with lines drawn from
the hyper parameters to the β and σ2

x y

β σ2

0

β̃

N

Figure 2.3: Graphical model of linear regression.

2.3 Interlude

We briefly interrupt the application of graphical models for specific algorithms and models
by discussing two questions that may have come to mind. Namely, “are there distributions
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that cannot be represented by a graphical model?” and “why would we use graphical
models in the context of machine learning”.

Let us start with the first question. The short answer is no, every joint probability
distribution has a directed acyclic graph. To see why, we consider some joint probabil-
ity distribution on n random variables p(X1, . . . , Xn). In the worst case scenario, every
random variable is dependent on every other random variables. Even in that case we can
always factor the distribution into,

p(X1, . . . , Xn) =
n∏
i=1

p(Xi |Xi+1, . . . , Xn). (2.5)

Note however, that this factorisation is not unique and we could have done it in n! ways
depending on which order we choose to factor out random variables. This then gives us
a way to construct a graph that would correspond with this distribution, by treating the
dependencies as parent nodes. This graph will be acyclical, because whenever we factor
out a random variable we essentially draw an arrow to every other random variable not
factored out yet. This is a cascading effect that cannot result in cycles appearing, as
arrows would need to point back towards a previous layer for that to happen. Of course,
not all random variable should have to depend on every other random variable, but that
would only decrease the dependencies in our factorisation and thus would lead to a simpler
graph. This derivation does show that, given a joint distribution, we can create multiple
graphs that would correspond to it. However, finding conditions as to when we can give
a unique graph is out of the scope of this thesis.

x0
1

x0
2

x0
3

x0
4

x1
1

x1
2

x1
3

x1
4

x1
5

y

Figure 2.4: A simple neural network with one hidden layer showcasing its natural repre-
sentation.

Continuing to the second question, it is still not entirely obvious why graphical models
are used to represent distributions. This is the case because of the historical abundance
of the use of neural networks in machine learning. These structures allow for a natural
graphical representation where each layer is dependent only on the previous layer. See
figure 2.4 for an example. A more informative answer is that with machine learning we
are trying to find patterns and dependencies between an input and its output. Graphical
models allow us to represent this causal aspect well.

2.4 Algorithms as graphical models

Now that we are familiar with graphical models and their usefulness, we will construct
the graphical models of some existing machine learning algorithms. We will start in a
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general setting with supervised learning and afterwards move to more specific examples.
First, we will discuss Bayesian neural networks. Then we will move on to variational
auto-encoders. Moving on from there, we will dive deeper by discussing the information
bottleneck method, which has two variations: The variational information bottleneck and
the deterministic information bottleneck.

2.4.1 Supervised learning

Before we start constructing our graphical model, we should define what supervised learn-
ing actually is. Informally, supervised learning is the process of learning a certain distri-
bution by looking at examples. A more formal definition is given below.

Definition 2.4.1 (Supervised learning). GivenN labelled pairs of data points {(xi,yi)}Ni=1

(the training set), assumed to be generated by an unknown stochastic function f : X → Y
with yi = f(xi) + εi, supervised learning is the process of finding a function f̃ that ap-
proximates f in some appropriate metric [23] [3]. This process is entirely based on looking
at the data points as examples.

xi yi

Θ f

N

Figure 2.5: Supervised learning represented as a graphical model.

If Y is a space with an infinite amount of elements this process is commonly referred to
as regressionand if y is a finite space it is referred to as classification. We claim that this
process is described by the following model.

Theorem 2.4.1. Let {(xi, yi)}Ni=1 be N labelled pairs of data points generated by some
function f . We assume these data points to be exchangeable. If pΘ(y|x) = p(y|x,Θ) is
some conditional pdf that is obtained from a supervised learning algorithm then we can
describe the process with figure 2.5

Before we move on towards the proof, we note that this figure resembles figure 2.3 when
we let Θ = β̃ and change f to our generating process depending on β and N(0, σ2).

Proof. By definition of the setup we instantly have that all the yi’s are all only dependent
on f and xi, p(xi,yi, f) = p(yi|xi, f). Similarly, supervised learning uses only the xi’s
and yi’s to estimate an optimal Θ by definition. Combining everything, we get:

p({(xi, yi)}Ni=1,Θ, f) = p(f)

N∏
i=1

p(xi, yi,Θ | f) = p(f)

N∏
i=1

p(xi)p(yi|xi, f)p(Θ|xi,yi), (2.6)

which aligns with the graphical model in 2.5.
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2.4.2 Bayesian neural networks

As promised, we will look at a more specific example now. However, before we define a
Bayesian neural network we need to know exactly what a normal neural network is.

Definition 2.4.2 (Neural network). An n layered neural network is a a function from
Rp → Rd consisting of the following elements:

• Each layer consists of ni neurons, where i indicates the layer it belongs to.

• Each neuron carries an individual weight parameter wij , where i indicates the layer
and j which node of that layer it belongs to. The complete set of weights will be
referred to as w.

• An activation function φ : R→ R≥0.

• We let x0 ∈ Rp be the input and xn+1 ∈ Rd the output, then the output is calculated
in steps as follows,

xji+1 = ϕ(

ni∑
k=1

wikx
k
i ). (2.7)

These networks are used to approximate functions or probability distributions. A la-
belled data set {(Xi, Yi)}Ni=1 is used to train the network. To see how the optimising works
in practise, we refer to Bishop with his excellent book Pattern Recognition and Machine
Learning [3] or any other book on machine learning.

This is not a Bayesian neural network however. For that we refer to the model proposed
by Blundell et al. in [4]. The main difference between a normal neural network and a
Bayesian neural network is that we do not have fixed weights, but consider each weight
as having its own independent distribution. The goal of the optimising scheme then is to
calculate the posterior distribution pθ(w | {(Xi, Yi)}Ni=1). Once you have such a posterior
we can calculate the predictive posterior by integrating out the weight dependence, given
some observed data point x we get:

pθ(ŷ|x) =

∫
p(ŷ |w,x) dPθ(w | {(Xi, Yi)}Ni=1). (2.8)

Blundel et al. argue that using these kind of networks requires less weights than a
normal neural network. The intuitive explanation for this is that by ‘averaging out’ all
the possible values of the weights you account for the uncertainty in the weights of a
normal neural network. The possibility of using fewer nodes is their appeal, but the
expression in 2.8 is rarely tractable. To still be able to calculate some sort of solution we
consider a different distribution qψ(w | θ) to approximate the prior pθ(w). This is called
an variational approximation. Of course, we would like the new distribution to lie close
to the true distribution. We will see in chapter 4 how this is done.

For now we need to know how the graphical model of the whole algorithm looks. One
might think that this model would look similar to the one in figure 2.4. However, that is a
graphical model of how to calculate an output given an input. If we look at how the model
is trained we get something different. For that we first look at the following dependencies:

• The data is generated by some unknown process Φ and we assume that Yi is depen-
dent of Xi.

• The parameters w is dependent on some labelled data {(Xi, Yi)}Ni=1 and some pa-
rameter θ.

The eventual graph is described here in figure 2.6.
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X Y

wθ Φ

N

Figure 2.6: The graphical model that describes the algorithm behind the Bayesian neural
network.

2.4.3 Variational auto-encoders

Neural networks as we have seen them so far work great when you have labelled data, but
you run into trouble when you do not and you still want to do some analysis with this
setup. For that purpose auto-encoders were introduced. We will look at a special case of
these auto-encoders introduced by Kingma and Welling in [18]. The essential idea is to
project your data to some latent variable and then to reconstruct your original data point.

Figure 2.7: Some examples of generated faces by different kinds of auto-encoders [5].

Definition 2.4.3 (latent variable). A latent variable, commonly notated with a z, is a
variable that is assumed to exist in a model or algorithm, but is not necessarily observed
[17].

The reason for such a term is that we can rewrite pΘ(xi) as,

pΘ(xi) =

∫
dPΘ(xi, zi). =

∫
pΘ(xi | zi) dPΘ(zi). (2.9)

This might not seem so advantageous, but even when the joint distributions p(xi, zi) are
rather simple, the marginal can become a rather complex distributions. This also allows
us to generate data from the likelihood pΘ(xi | zi) by sampling from the prior distribution
pΘ(zi). This is called a generative model or a generative process. This aspect of auto-
encoders has shown to be very useful, as it is fairly difficult to make a machine draw a
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picture of something specific, for example. Various auto-encoding models have shown to
be quite effective in generating samples. A different model that does this incredibly well
as well are Generative Adversial Nets [14].

To return to the latent variable, we have already seen such variables implicitly. Namely,
we can see the intermediate values that are calculated in the intermediate layers of neural
networks as latent variables. In the variational auto-encoder a different kind of neural
network is used to make this latent variable more explicit. To do this, you take the
input variable Xi, as both the input and as the to be target output. That way you train
your network to reconstruct Xi from the latent variable. In the end, this will result in a
posterior pθ(z |x) that will be able to do this encoding. We can represent this in a fairly
simple diagram in the diagram of figure 2.8b.

Z

X

Θ

Φ

N

(a) generative model

Z

X

φ

Φ

N

(b) variational approximation

Figure 2.8: A diagram showing the variational auto-encoder framework.

We will look more in debt what this model is optimising in a later chapter. For now,
we can shed some light in the diagrams in 2.8. The marginal in equation 2.9 is in general
not tractable. Again, a variational approach is adopted. We introduce the distribution
qφ(z |x) to approximate the posterior distribution. Note however, that we are now dealing
with two separate processes. The process of finding the likelihood pΘ(x|z) and optimising
the variational approximation qφ(z|x). Kingma and Welling showed that you can find an
objective that does both tasks simultaneously. We will see later what this objective is.

2.4.4 Information Bottleneck

It is interesting to see that VAE models generate positive results. What is it about
projecting our input onto a latent variable that gets us any further? In 2000 Tishby offered
an answer to a slightly different, but not entirely irrelevant, question by introducing his
information bottleneck (IB) technique[27]. Informally said, he argued that these models
are compressing the information that we have about the data into a representation that
is useful for our algorithm, leaving only the useful information.

Variational information bottleneck

Tishby only spoke about the generative model and did not incorporate the variational
distribution in his research. This was later done by Alemi et al. in 2016 [2], calling their
approach the Variational Information bottleneck. They also showed that the variational
auto-encoder discussed earlier was a specific case of their result. The basic idea behind
the technique is that when we have some labelled data {(Xi, Yi)}Ni=1, then we want to find
an encoding of Xi, called Zi, that compresses the information of Xi maximally while also
keeping as much information about the dependence between Yi and Xi. In the case of
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unlabelled data {Xi}Ni=1 we can replace the Yi by Xi and then we get a technique that is
similar to what auto-encoders do. How you would calculate these information quantities
will be discussed in the next chapter. In practise, this is done by projecting your high
dimensional data {Xi}Ni=1 down to a lower dimensional space and then reconstructing it
again. The reconstruction error is then minimised for some metric of your choice. In this
framework we assume that our Z is dependent X and our Y is dependent on X, and
X,Y are both generated by some data generating process. We want to find an encoder
dependent on our data that does this transformation between X and Y . In the most
general case we can represent this as in figure 2.9.

XZ Y

Θ Φ

N

Figure 2.9: The variational information bottleneck algorithm represented as graphical
model.

This is also how Tishby presented his framework. However, we run into a similar problem
as the issues described in the previous models, when actually trying to do any meaningful
inference. Namely, calculating the decoder pθ(y | z) is in most cases not possible. Instead,
we can show how you would go about calculating this distribution formally.

Lemma 2.4.1. The decoder pθ(y | z) in the information bottleneck method is given by,

pθ(y | z) =

∫
pθ(y |x)pθ(z |x)

pθ(z)
pθ(x)dx. (2.10)

Proof. From the diagram we can see that pθ(y |x, z) = pθ(y |x). With that knowledge we
can write,

pθ(y | z) =

∫
pθ(y,x | z)dx =

∫
pθ(y |x)p(z |x)dx =

∫
pθ(y |x)pθ(z |x)

pθ(z)
pθ(x)dx. (2.11)

As we have seen before this decoder will not be tractable for a general case. Tishby then
continues his analysis in a different setting than ours. However, Alemi et al. adopt a now
familiar method by introducing a variational approximation qψ(y | z) that should lie close
to pθ(y | z) in some sense. We will see later what objective emerges from this approach.

Deterministic Information bottleneck

It is also interesting to note the deterministic information bottleneck, introduced in 2016
by Schwab and Strouse [26]. The model still follows the outline given in figure 2.9. The
difference with the variational information bottleneck and the information bottleneck is
that they choose to work with a slightly different objective, which still resembles to the
objective of the variational information bottleneck. Surprisingly, this objective resulted in
a decoder that was not stochastic in nature, but deterministic, as the name also implies.
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Again, we will see why this is the case in a later stage. Looking at this model is interesting
for two reasons according to Schwab and Strouse. The first reason being that it performs
better in some cases than the original information bottleneck method. Furthermore, they
argue that having a deterministic outcome is also advantageous, as it leaves no ambiguity
in how to choose a specific outcome. A problem you have in a stochastic approach.

2.5 World P vs world Q

Thus far we have seen how we can represent certain machine learning algorithms as graph-
ical models. The attentive reader might also have noticed that we have a general pattern
for how to make these algorithms work. This suggest that there exists a general frame-
work when dealing with this specific kind of learning. The type of learning here is called
representation learning and we want to cast all algorithms connected with this type of
learning into a general framework.

Alemi and Fischer propose to do this in the following way as presented in figure 2.10 [1].
On the left we see what they call world P , which is what we can achieve. Note that this is
identical to how the variational information bottleneck method is presented. Here we can
see that the labelled data {(Xi, Yi)}Ni=1 determines the parameters in Θ. These parameters
are optimised by the algorithm of choice. Each latent variable Zi is in turn dependent on
these parameters and and the corresponding Xi. That brings us to the Φ in our model. It
is some data generating process of which we would like to learn the relationship between
Xi and Yi. In other words, we would like to know the underlying true distribution p(y |x).

This description is world P , but this is not the ideal situation. The latent variable
Zi should be able to describe the complete relationship between Xi and Yi in an ideal
situation. If that is true, then the VAE would be able to generate perfect samples, that
would be indistinguishable from the data in the training set. That ideal scenario is what
world Q represents. The goal of any representation algorithm would then be to find a
projection of a distribution p from world P unto world Q that remains close to true
distribution. This would be our variation approximation q, that we have seen many times
now. To do this we will have to find a suitable definition for “distance”. The next section
will focus on that aspect.

XZ Y

Θ Φ

N

ZX Y

Θ Φ

N

Figure 2.10: The two graphical models of world P (l) and world Q (r) as described in [1].
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3 Information theory and entropy

We now have two graphical models, one representing the world that we have to work
with, and one the world that we would like to achieve. For the world P we choose a
distribution p that is conditional on the data through a learning algorithm . The world Q
can have any distribution consistent with its graphical model [1] and we would like to find
the distribution that lies closest to our distribution p in some sense. To do this we will
introduce something called the Kullback-Leibler divergence (KL-divergence), which can
be seen as a notion of the distance between two distributions [12]. However, this is not
a formal metric and its use does require some care from a measure theoretic viewpoint.
Before we can introduce the KL-divergence we need to introduce some concepts related
to information and entropy.

3.1 Shannon information

It was Shannon, who first was able to give a quantitative description of what information
is in 1948[25]. He was looking to find theoretical bounds on how much information can
be retained when sending a message through a communication channel. In that time we
did not have the luxury of modern day technology where data can be send easily from
one agent to another without any problems. Communication channels were prone to lose
bits and pieces of a message whenever the size of the message was too big. Knowing what
messages could go through without a loss of quality was thus very important at the time.
However, that did require a formal definition of what information is and how to calculate
it. Before Shannon derived his definition, he wrote down 4 requirements this definition
should have. For a discrete random variable X with probabilities pi for i ∈ {1, . . . , n} we
denote this quantity as H(X). The properties it should have are:

• The quantity H should be continuous in the probabilities pi for all i ∈ {1, . . . , n}.

• Whenever we have that pi = 1
n for all i, then H should be monotonically increasing

with respect to n.

• Whenever two events, X and Y, are independent we should be able to calculate the
information by H(X,Y ) = H(X) +H(Y ).

• Every event with probability 1 and probability 0 should have information 0.

From this list of properties Shannon showed that this information function can only
have the form of definition 3.1.1. For a proof of this fact we refer to Shannon’s original
paper [25].

Definition 3.1.1. Let X be a discrete random variable with values {x1, x2, . . . xn} and
probability mass function p(x), then the Shannon information is given by,

H(X) = E[I(X)] = E[− log(p(X))] = −
n∑
i=1

p(xi) log(p(xi)). (3.1)
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Here I(X) is called the information content of X. We can also define a similar quantity
for continuous random variables by replacing the sum with an integral and replacing the
probability mass function with the respective density. However, more care has to be
used when using this definition, as they are not completely equivalent. For example a
continuous random variable can have negative information. The latter is also referred to
as the differential entropy, to distinguish the two cases.

It must be noted that the base for the logarithm in this context is commonly taken to
be 2 as we are talking about bits of information. As these are almost always encoded in a
base-2 system it is natural to take the base-2 logarithm. In the case of using the natural
logarithm, we talk about nats of information.

This was the first time that the amount of information within in a message could be
quantified. The inspiration for this definition came from thermodynamics where the Gibbs
entropy for an ensemble with discrete energy states is defined as,

S(X) = −kB
n∑
i=1

pi ln(pi). (3.2)

Here kB is the Boltzmann constant and the sum goes over all energy states of the ensemble,
each with probability pi. For now we will leave this connection to thermodynamics be,
but we will get back to it when we are more familiar the concept of information.

3.2 Predictive information

This description of information looks rather simple, but still proved to be very useful.
With machine learning we are trying to predict a certain outcome based on features that
can be measured. Thus what do the features X = (X1, X2, . . . , Xn) tell us about property
Y . In terms of information we would like to know how much relevant information is stored
in the vector X about Y . Unfortunately, Shannon information falls short in this aspect.
As it can only tell us something about the general information stored, not the information
stored about something else. Luckily, Shannon and Weaver gave a definition called mutual
information that does tell us about the information between to random variables [24].

Definition 3.2.1. Let X,Y be two random variables, then the mutual information is
given by,

I(X;Y ) = E
[
log

p(X,Y )

p(X)p(Y )

]
. (3.3)

A sanity check would be to see what happens whenever both variables are independent.
In that case, no information is contained in X about Y and the mutual information should
be 0. If we consider that situation we get the following result for the predictive information,

I(X;Y ) = E
[
log

p(X,Y )

p(X)p(Y )

]
= E

[
log

p(X)p(Y )

p(X)p(Y )

]
= E[log 1] = 0, (3.4)

which luckily confirms our sanity check.
It is of course natural to ask what the Shannon information and mutual information for

joint and conditional random variables are.

Definition 3.2.2 (Conditional mutual information). let X,Y and Z be random variables,
we can define the condition mutual information by,

I(X;Y |Z) = H(X |Z)−H(X |Y ,Z) (3.5)
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From these definitions of information we can deduce some nice identities that will prove
to be useful.

Proposition 3.2.1 (Joint and conditional information properties). Let X, Y and Z be
random variables. For the conditional and joint random variables we have the following
identities:

1. H(X,Y ) = H(X) +H(Y |X) = H(Y ) +H(X |Y ),

2. I(X;Y ) = H(X)−H(X|Y ),

3. I(X,Y ;Z) = I(X;Z) + I(Y ;Z |X), this is also referred to as the Chain rule of
information.

Proof. For the first identity we just write out the definition of H(X,Y ):

H(X,Y ) = −
∑
x∈X

∑
y∈Y

p(x, y) log(p(x, y)) = −
∑
x∈X

∑
y∈Y

p(x, y) log(p(x)p(y |x))

= −
∑
x∈X

∑
y∈Y

p(x, y) log p(x)−
∑
x∈X

∑
y∈Y

p(x, y) log p(y |x)

= −
∑
x∈X

p(x) log p(x)−
∑
x∈X

∑
y∈Y

p(x, y) log p(y |x) = H(X) +H(Y |X).

All operations that were used are completely symmetric in X and Y , giving us the second
equality immediately as well. Continuing to the second identity we get,

I(X;Y ) = −
∑
x∈X

∑
y∈Y

p(x, y) log
p(x)p(y)

p(x, y)
= −

∑
x∈X

∑
y∈Y

p(x, y) log
p(x)

p(x | y)

= −
∑
x∈X

∑
y∈Y

p(x, y) log p(x) +
∑
x∈X

∑
y∈Y

p(x, y) log p(x | y)

= −
∑
x∈X

p(x) log p(x) +
∑
x∈X

∑
y∈Y

p(x, y) log p(x | y)

= H(X)−H(X |Y ).

Now we can combine these two identities to get the third identity:

I(X,Y ;Z) = H(X,Y )−H(X,Y |Z) = H(X) +H(Y |X)− [H(X|Z) +H(Y |X,Z)]

= I(X;Z) + I(Y ;Z |X).

3.3 Kullback – Leibler divergence

Now that we have all the ingredients we can define the KL-divergence.

Definition 3.3.1 (Kullback – Leibler divergence). Let (X, p,Σ) and (X, q,Σ) be two
discrete probability spaces, with the the same event space and sigma algebra, but different
probability measures. Assuming p << q, The KL-divergence is defined as,

DKL(P ‖ Q) = −
n∑
i=1

p(xi) log
q(xi)

p(xi)
= EP

[
log

p(X)

q(X)

]
. (3.6)

19



This is a well defined quantity whenever p is dominated by q. To see this we need
to check some boundary cases. Namely, whenever q(x) = 0 or whenever q(x) 6= 0, but
p(x) = 0.

Proposition 3.3.1. Whenever p << q, then we have the following identities:

• q(x) = 0 =⇒ p(x) log
(
q(x)
p(x)

)
= 0,

• q(x) 6= 0, p(x) = 0 =⇒ p(x) log
(
q(x)
p(x)

)
= 0.

Proof. The first assertion is equivalent to checking that x log(x) → 0, whenever x → 0.
This is the case because the fraction within the logarithm will go to 0 as q(x)→ 0, as we
have that p is dominated by q. We find the following limit:

lim
x→0

x log(x) = lim
t→∞

log
(

1
t

)
t

= lim
t→∞

−1
t

1
= 0. (3.7)

For the second identity we use a similar argument. We note that this question is the same
as asking about what happens to log(x)

x as x→∞,

lim
x→∞

log(x)

x
= lim

x→∞

1
x

1
= 0. (3.8)

We can now safely fill in zeroes whenever we meet such boundary cases and the KL-
divergence will behave nicely. The assumption that p << q is not a trivial assumption,
but in the real world not crazy to ask. We want that our distribution q approximates some
real world phenomenon with distribution p. If we have that p gives a positive probability
for an event B that cannot happen (i.e. q(B) = 0) in our approximation, it would be
nonsensical to look at this distribution q and we will look at a different distribution

It was noted before that the KL-divergence is not a metric, most notably because it
is not symmetric, which should be clear from its definition. Formally speaking, the KL-
divergence will not give us a distance between our two worlds. However, it can be seen
as the information that we lose about q(x) by using p(x). In Bayesian inference this non
commutative order is logical as we start out with a prior p(x) and infer a posterior q(x),
which is generally not a symmetric operation.

Even though the KL-divergence is not a formal metric, it does have some properties
that are useful for treating it as a distance between probability measures.

Proposition 3.3.2. The KL - divergence is positive definite, meaning:

• DKL(P ‖ Q) ≥ 0,

• DKL(P ‖ Q) = 0 ⇐⇒ p = q.

Proof. Rewriting the KL-divergence as:

DKL(P ‖ Q) =

N∑
i=1

pi log pi −
N∑
i=1

pi log qi ≥ 0 ⇐⇒

−
N∑
i=1

pi log pi ≤ −
N∑
i=1

pi log qi.

(3.9)
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The final inequality is also known as the Gibbs’ inequality. To prove that inequality, we
us the fact that log x ≤ x− 1 with equality only whenever x = 1. Using this we get,

−
N∑
i=1

pi log pi +
N∑
i=1

pi log qi =
N∑
i=1

pi log
qi
pi
≤

N∑
i=1

pi

(
qi
pi
− 1

)
(3.10)

=
N∑
i=1

qi −
N∑
i=1

pi = 1− 1 = 0 ⇐⇒ (3.11)

−
N∑
i=1

pi log pi ≤ −
N∑
i=1

pi log qi. (3.12)

Whenever we want equality we need to have that qi
pi

= 1 for every pi ∈ P, qi ∈ Q. Which
is only the case when qi = pi ⇐⇒ P = Q.

The fact that the KL-divergence is always positive and only equal for equivalent mea-
sures is incredibly useful and will be used extensively later on in this chapter.

Now, if we look at our two models in figure 2.10 we note the following: in world P
the distribution p is chosen by our modelling assumptions and some learning algorithm.
However, because world Q is unknown it allows many different distributions. The only
requirement being that they need to satisfy the condition q(X,Y |Z) = q(X|Z)q(Y |Z).
For the purpose of measuring the performance of our world P we look at,

J = min
q |=Q

DKL(p ‖ q). (3.13)

Now that we have a way of measuring the difference between our two worlds it is still not
clear how to compute this quantity. Unfortunately this expression is intractable in most
cases and we will have to settle with some upper bounds for it, but first we would like to
see what this KL-divergence would look like in our case.

3.3.1 Information vs other statistics

Before we move on towards applying these definitions to graphical models, it is useful to
think about why we would want to adopt this information theoretic framework. Mutual
information and the KL-divergence are not too say the easiest quantities to calculate. So
there must be some advantage to using them over other commonly used statistics, such as
the sample covariance matrix, correlation factors or the fisher information.

Informally speaking, the reason we use information is because it catches any dependency
between two variables X,Y . Not just a linear or higher order dependencies. This is
demonstrated by the fact that I(X;Y ) = 0 if and only if the variables are independent.
So any dependency will result into the mutual information to be non-zero. In machine
learning context this is useful, as we want to make as little as possible assumptions about
the process we are studying. The idealistic goal of any machine learning algorithm should
be to find the correct underlying dependency by itself. We will look at two specific case to
showcase that information encapsulates other statistics. First, we will look at the bivariate
normal distribution, whose two random variables have a linear dependency between them.
This will also be evident from the mutual information.

Theorem 3.3.1. Let (X,Y ) ∼ N((µX , µY ),Σ) with correlation coefficient ρ. The mutual
information is then given by,

I(X;Y ) = −1

2
log(1− ρ2). (3.14)
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Proof. We will make use of the fact that we can write the covariance matrix as,

Σ =

[
σ2
X ρσXσY

ρσXσY σ2
Y

]
. (3.15)

We will also use the following from proposition 3.2.1,

I(X;Y ) = H(X) +H(Y )−H(X,Y ). (3.16)

Now we just need to calculate the three entropies given above. Recall that the marginal
of Xi of a bivariate normal distribution is again normally distributed with mean µi and
variance σ2

i . The three entropies are then given by:

1. H(X) = −
∫
−1

2
log(2πσ2

X)− 1

2σ2
X

(x− µX)2dP (x) =
1

2
log(2πσ2

X) +
1

2
.

2. Analogously we find H(Y ) = 1
2 log(2πσ2

Y ) + 1
2 .

3. The final entropy requires a bit more work. To start this calculation we note that
we can write p(x, y) as,

p(x, y) =
1

2π|Σ|
1
2

e
− 1

2(1−ρ2)

[
(x−µX )2

σ2
X

+
(y−µY )2

σ2
Y

− 2ρ(x−µX )(y−µY )

σXσY

]
. (3.17)

Now we can calculate the entropy,

H(X,Y ) =

∫
log 2π|Σ|

1
2 +

1

2(1− ρ2)

[
(x− µX)2

σ2
X

+
(y − µY )2

σ2
Y

− 2ρ(x− µX)(y − µY )

σXσY

]
dP (x, y)

= log 2π|Σ|
1
2 +

1

2(1− ρ2)
(2− 2ρ(ρσXσY )

σXσY
)

= log 2π|Σ|
1
2 + 1.

(3.18)

Putting this all together we finally get,

I(X;Y ) =
1

2
log(2πσ2

X) +
1

2
+

1

2
log(2πσ2

Y ) +
1

2
− log 2π|Σ|

1
2 − 1

=
1

2
log(σ2

Xσ
2
Y )− 1

2
log(σ2

Xσ
2
Y − ρ2σ2

Xσ
2
Y )

= −1

2
log(1− ρ2).

Which shows that the mutual information captures the linear dependence of the two
variables.

To further strengthen our believe that the information tells us something about all
dependencies, it is also possible to show that the second order term of the Taylor expansion
of the KL-divergence is given by the Fisher information. The probability distribution has
to be twice differentiable of course. A proof can be found in [9].

Some caution must be used whenever we are dealing with information. The property of
information to incorporate all dependencies is useful in its own right, but also causes the
information to be very sensitive to changes in the data. So, from a modelling perspective
it is always required to argue if some dependency is logical. Otherwise, the model could
create outcomes that are not desirable.
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3.3.2 Multi-Information

For probability densities with more than two random variables we can generalise the idea
of mutual information by defining the Multi - information, IP which measures how well
the joint probability function is approximated by the product of its marginals. Later on
we will see that this is useful in calculating the bounds of J .

Definition 3.3.2 (Multi-information). Given a joint probability measure p(X1, . . . , XN )
with marginal distributions p(Xi), then the multi-information is given by,

Ip = DKL

[
p(X1, . . . , Xn) ‖

n∏
i=1

p(Xi)

]
. (3.19)

Using the mutual information between nodes and their parent nodes we can find another
expression for the multi-information whenever we are dealing with a graphical model.

Theorem 3.3.2. Given a graphical model G with random variables (X1, . . . , XN ) on N
nodes with a joint probability measure p |= G. The multi-information can be written as,

IpG =

N∑
i=1

I(Xi; Pa(Xi)). (3.20)

Proof. This identity follows directily from the definition of the multi-information and a
graphical model,

IpG = DKL

(
p(X1, . . . , XN ) ‖

N∏
i=1

p(Xi)

)

= EP

[
log

p(Xi, . . . , XN )∏N
i=1 p(Xi)

]

= EP

[
log

N∏
i=1

p(Xi | Pa(Xi))

p(Xi)

]

=
N∑
i=1

EP
[
log

p(Xi | Pa(Xi))

p(Xi)

]

=

N∑
i=1

EP
[
log

p(Xi | Pa(Xi))p(Pa(Xi))

p(Xi)p(Pa(Xi))

]

=
N∑
i=1

EP
[
log

p(Xi,Pa(Xi))

p(Xi)p(Pa(Xi))

]
=

N∑
i=1

I(Xi; Pa(Xi)).

(3.21)

Friedman et al. [10] claim that it is possible to use the multi-information as a way to
calculate J , which is shown in theorem 3.3.3.

Theorem 3.3.3. Let G1, and G2 be 2 graphical models. Let p |= G1, then we can calculate
the KL-divergence in terms of the multi-informations,

J = min
q|=G2

DKL[p ‖ q] = IpG1 − I
p
G2 . (3.22)
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Proof. We will not prove this claim completely, as that requires knowledge outside of the
scope of this these. We can give an intuition why this is true however by first writing out
the KL-divergence between p and q:

DKL(p ‖ q) = EP
[
log

p(X1, . . . , XN )

q(X1, . . . , XN )

]
= EP

[
log

p(X1, . . . , XN )

q(X1, . . . , XN )

∏N
i=1 p(Xi)∏N
i=1 p(Xi)

∏N
i=1 q(Xi)∏N
i=1 q(Xi)

]

= EP

[
log

p(X1, . . . , XN )∏N
i=1 p(Xi)

]
− EP

[
log

q(X1, . . . , XN )∏N
i=1 q(Xi)

]

+ EP

[
log

∏N
i=1 p(Xi)∏N
i=1 q(Xi)

]

= IpG1 − I
p
G2 + EP

[
log

∏N
i=1 p(Xi)∏N
i=1 q(Xi)

]
.

(3.23)

The q that minimises the KL-divergence is known as the information reversal projection
[8] and under some assumption you can show it exists and is unique. We will assume that
this projection must have the same marginals as p [6][7]. That means the last term in our
above derivation vanishes and we are left with IpG1 − I

p
G2 .

Now that we have the tools we can define the minimal KL-divergence between the worlds
P and Q.

Theorem 3.3.4. For the models presented in figure 2.10 we now see that we get the
following J :

J = I(Θ;XN , Y N ) +

N∑
i=1

[I(Xi; Φ) + I(Yi;Xi,Φ) + I(Zi;Xi,Θ)− I(Xi;Zi)− I(Yi;Zi)].

(3.24)

Proof. As given by the figure we can factor the distribution p with the following depen-
dencies:

• The random variable Θ is dependent on (XN , Y N ).

• Every Xi is dependent only on the process Φ.

• Every Yi is dependent on both Xi and Φ.

• Finally in P the latent variable Zi is dependent on Xi and Θ.

For the world Q we only have that both Xi and Yi are dependent on Zi. This combined
with theorem 3.3.3 gives the above expression.

3.4 Functional bounds

In theory we now have a way of computing the difference between our two worlds. However,
in general these forms are not tractable. The terms I(Xi; Φ) and I(Yi;Xi : Φ) are even
completely out of our control. So, even if we know the values, then they would be of no
use as we could not change them. For the other terms we will have to resort to upper
bounds. Luckily, these bounds can be established by well known quantities in the machine
learning context.
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3.4.1 Relative entropy

The first bound we look at is called the relative entropy. This is the mutual information
between the posterior of our parameter in world P and an independent prior q(Θ).

Proposition 3.4.1. Given parameter Θ and data {(Xi, Yi)}Ni=1. The relative entropy
with it’s corresponding bound is given by,

S = EP
[
log

p(Θ |XN , Y N )

q(Θ)

]
≥ I(Θ;XN , Y N ) (3.25)

Proof. We start out by writing out the mutual information,

I(Θ;XN , Y N ) = EP
[
log

p(Θ, XN , Y N )

p(Θ)p(XN , Y N )

]
= EP

[
log

p(Θ |XN , Y N )

p(Θ)

]
= EP

[
log

p(Θ |XN , Y N )q(Θ)

p(Θ)q(Θ)

]
= EP

[
log

p(Θ |XN , Y N )

q(Θ)

]
− EP

[
log

p(Θ)

q(Θ)

]
= EP

[
log

p(Θ |XN , Y N )

q(Θ)

]
−DKL [p(Θ) || q(Θ)]

≤ EP
[
p(Θ |XN , Y N )

q(Θ)

]
= S.

(3.26)

The last inequality follows from the fact that the KL-divergence is positive definite.

3.4.2 Rate

The second upper bound we have is something named the Rate. This is a bound for how
much information our representation Zi retains about its input data Xi. First, we give
the bound for a single data point

Proposition 3.4.2. Given a random variable Xi, it’s representation Zi and a parameter
Θ, the rate and the corresponding bound is given by,

Ri = EP
[
log

p(Zi |Xi,Θ)

q(Zi)

]
≥ I(Zi;Xi,Θ). (3.27)

Proof. This proof goes completely analogous to the previous proof by using the following
substitutions:

• Θ→ Zi,

• XN → Xi,

• Y N → Θ.

The full bound over all data is then given by the sum
∑N

i=1Ri = R.
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3.4.3 Classification error

The next bound we are going to look at is a more well known concept, albeit that we
will introduce it in an unfamiliar way. The classification error refers to a measure of how
far the output of a model is from the true value. Various models use different quantities,
commonly used quantities are any of the averaged Lp differences, most notably p = 2,
accuracy in percentages or hinge loss [22]. The Classification error is used in algorithms like
linear regression, support vector machines and neural networks to optimise their outcomes.
These metrics are also referred to as loss functions. In our setting the classification error
measures how much information we have of Yi in our representation Zi.

Proposition 3.4.3. Given a random variable Yi, a representation Zi, the classification
error for a singel data point and it’s corresponding bound is given by,

Ci = −EP [log q(Yi |Zi )] ≥ H(Yi)− I(Yi; Zi) = H(Yi |Zi). (3.28)

Proof. First we note that the final equality is given by the properties shown in theorem
3.2.1. Next, we prove the inequality by a similar approach as the other bounds by writing
out the definition of H(Yi |Zi),

H(Yi |Zi) = −EP [log p(Yi|Zi)] = −EP
[
log

p(Yi|Zi)q(Yi |Zi)
q(Yi |Zi)

]
= −EP [log q(Yi |Zi)]− EP

[
log

p(Yi|Zi)
q(Yi |Zi)

]
= −EP [log q(Yi |Zi)]−DKL [p(Yi |Zi) || q(Yi |Zi)]
≤ −EP [log q(Yi |Zi)] = Ci.

(3.29)

To get the bound over the full data set we again sum over all data points
∑N

i=1Ci = C.

3.4.4 Distortion

Similarly, we can look at a measure that indicates how close the representation Zi is to
the true input value Xi. This is commonly referred to as the distortion. The methods
for defining the distortion are all fairly similar to the classification error options. As an
example, consider the case when we have clustered data {xi}Ni=1. Let the centres of each
cluster be represented by {di}Ki=1. We could represent every point by the cluster centre. If
we pick the mean squared error our distortion would be D = 1

N

∑N
i=1(xi−dxi)2. However,

in this case we will define the distortion in a different way.

Proposition 3.4.4. Given a random variable Xi and it’s representation Zi, the rate for
a single point and it’s corresponding bound is given by,

Di = −EP [log q(Xi |Zi)] ≥ H(Xi)− I(Xi;Zi) = H(Xi |Zi). (3.30)

Proof. Note that the only difference between this definition and the classification error is
that that Yi is substituted with Xi. Thus, the proof will go analogously and we will not
repeat it.

The bound that we will be using is again the sum of all the Di’s, namely
∑N

i=1Di = D.
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3.5 Complete bound

Now that we all these bounds we can use them to find an upper bound for the J quantity
defined in theorem 3.3.4.

Theorem 3.5.1. For the models presented in figure 2.10 the following bound holds,

J ≤ S +R+D + C −
N∑
i=1

H(Yi, Xi |Φ). (3.31)

Proof. We already did most of the legwork when we were defining the functional bounds.
Proofing this bound is now only a case of filling in the previous bounds. By theorem 3.3.4
we have,

J = I(Θ;XN , Y N ) +

N∑
i=1

[I(Xi; Φ) + I(Yi;Xi,Φ) + I(Zi;Xi,Θ)− I(Xi;Zi)− I(Yi;Zi)]

≤ S +R+D + C −
N∑
i=1

[H(Xi) +H(Yi)− I(Xi; Φ)− I(Yi;Xi,Φ)]

= S +R+D + C −
N∑
i=1

[H(Xi |Φ) +H(Yi|Xi,Φ)]

= S +R+D + C −
N∑
i=1

H(Yi, Xi |Φ).

(3.32)

Where the last equality follows from the properties of conditional entropy defined in propo-
sition 3.2.1

This expression gives us the quintessential bound for this chapter. The final term in the
expression,

∑N
i=1H(Yi, Xi |Φ), is completely out of our control, as it is determined by the

data and the data generating process. The other four terms take on well defined forms
whenever we choose our distributions p and q.
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4 Objectives of models

Now that we have our functional bound on the minimal DKL we will show that this bound
is indeed a generalisation of the objective for a few machine learning algorithms. In general
we would like to find a procedure that finds p and q that minimises this bound. This will
not guarantee that we find the best possible p and q, but in general our solution will lie
close to the correct distributions. Unfortunately, no general solution for finding such a pro-
cedure has been found. We refer to respective articles for the specific procedures for each
method. As a side note, from the derivations of R,C,D, S we can see that the gap between
the bound and the actual J is determined by DKL [p(Θ) ‖ q(Θ)],

∑
iDKL [p(Zi) ‖ q(Zi)],∑

iDKL [p(Yi |Zi) ‖ q(Yi |Zi)] and
∑

iDKL [p(Yi |Zi) ‖ q(Xi |Zi)]. Meaning that if these
divergences are small, the bound becomes tight.

For the next part we follow the reasoning of Alemi and Fisher [1]. However, the validity
of these claims rely on some underlying assumptions. Taking these assumptions as true
we can argue that the region of optimal, attainable points in R4 traced out by S,R,D,C
result into a 3-dimensional surface. If we assume that this surface is smooth enough
it is possible to describe this surface as the kernel of some real valued function, namely
f(R,C,D, S) = 0. Of course, depending on what exact model we are using to learn we have
different restrictions on the probability distributions that we are allowed to incorporate.
As is commonly done, we can impose these constrains by utilising Lagrange multipliers.
Note that he use of Lagrange multipliers does rely on the fact that our optimal surface is
smooth enough. This results in the following objective.

Proposition 4.0.1 (Lagrange multipliers). Given a data generating process Φ we would
like to find a procedure that finds p and q such that,

min
p|=P,q|=Q

R+ δD + γC + σS. (4.1)

The final sections of this thesis will be dedicated to showing that we can retrieve the
specific bounds of some machine learning algorithms when using the objective as described
in proposition 4.1.

4.1 Supervised learning

Supervised Learning can be separated into two classes. Namely, regression and classifi-
cation. Regression occurs when our target space contains an infinite amount of values,
countable or uncountable. Classification happens when our target space contains only
finitely many values. For our discussion we will look at the case of regression. Instead of
just looking at linear regression we will look at the general case, where we assume our data
comes in the form of {(Xi, Yi)}Ni=1, where Xi can be multi-dimensional, with the following
properties:

• The random variable Yi is given by, Yi = f(Xi) + εi for some unknown function
f : RN → R.

• The error term ei is given by εi ∼ N(0, σ2) for all εi.
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A well known objective used to find an optimal approximating f̂ for f is the Sum of
Squared residual errors (SSE),

SSE =

N∑
i=1

(f̂(xi)− yi)2. (4.2)

What we will show is that loss function is determined by the assumption that the εi’s
are normally distributed, modulo some constant. To do this we will look at the objective
defined in proposition 4.1. We start by choosing our constraints in such a way that we
only retain C. Then, we notice that Zi is given by f̂(Xi) in this case. Furthermore, by
assumption of εi ∼ N(0, σ2) we have that q(Yi|Zi) is a normal distribution with mean Zi
and variance σ2. This gives us,

C =

N∑
i=1

−EP [log(q(Yi |Zi))]

= −
N∑
i=1

∫
log(q(yi | zi) dP (yi | zi)

=
N∑
i=1

∫
(yi − f̂(xi))

2 + log
√

2πσ2 dP (yi | f̂(Xi))

=
N

2
log 2πσ2 +

N∑
i=1

∫
(yi − f̂(xi))

2 dP (yi | f̂(Xi))

=
N

2
log 2πσ2 +

N∑
i=1

EP [(Yi − f̂(Xi))
2].

We can ignore the first term in the last expression, our main focus of interest is the second
term. From maximum likelihood estimation we know that this quantity is minimised
whenever we pick f̂ in such a way that,

1

N

N∑
i=1

(yi − f̂(xi))
2.

is minimal. Summing this N times gives us exactly the SSE.

4.2 Bayesian neural network

As in chapter 2 we will now be looking at a more specific example by analysing the
Bayesian Neural network model. We now have the tools to define what objective we want
to minimise and we will see that this is of the form as in proposition 4.1, when choosing
the right constraints. Just to reiterate what the Bayesian neural network does again,
we have a neural network with weights w, who are each sampled from a posterior that
is dependent on the data D = {(Xi, Yi)}Ni=1. To find an approximation to the posterior
predictive, we introduced a variational distribution q(w | θ). The objective would be to
minimise the KL-divergence between the true distribution p and the approximating one q,
which is DKL[q(w | θ) ‖ q(w | D)]. For the following analysis to align with our framework,
we will relabel the distribution p as q and the distribution q as p.
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Proposition 4.2.1. For the Bayesian Neural network the objective of minimising the
quantity DKL[p(w | θ) ‖ q(w | D)] is equivalent to 4.1 when keeping only terms C + S,
which can be achieved by letting γ →∞ while γ

σ → 1 and δ = 0.

Proof. We start of by writing out the KL-divergence,

DKL[p(w | θ) ‖ q(w | D)] =

∫
log

p(w | θ)
q(w | D)

dP (w | θ)

=

∫
log

p(w | θ)q(D)

q(D |w)q(w)
dP (w | θ)

=

∫
log

p(w | θ)
q(w)

dP (w | θ)−
∫

log q(D |w) dP (w | θ)

+ log q(D)

= Ep(w | θ)
[
log

p(w | θ)
q(w)

]
− Ep(w | θ)[log q(D |w)] + log q(D)

= S + C + log q(D).

(4.3)

Minimising over θ now gives the desired result. We have to stretch our definition of S
and C quite a bit however. Namely, here S does not depend on the data and C has no
mention of the latent variable and target variable. This quantity is also referred to as the
variational free energy [11].

4.3 Variational auto-encoder

For the variational auto-encoder we have to do less work, as the original paper embraces
the same framework in a less general way. The goal of the variational auto-encoder is to
find the marginal predictive distribution qψ(x). However, the posterior qψ(z |x) is in most
cases not tractable. So we approximate it with a pθ(z |x). In this case we want to find a
ψ that maximises the marginal likelihood. Note that we have swapped the roles of p and
q compared to chapter 2. This is done to keep the notation in line with chapter 3 and our
objective.

Proposition 4.3.1. For the variational auto-encoder the objective of maximising the
marginal likelihood is equivalent to minimising in 4.1 when keeping only R+D, by letting
γ = 0, σ = 0 and δ = 1.

Proof. We start by writing out the marginal likelihood for one data point, as the full
likelihood is given by the sum log likelihoods per point,

log qψ(xi) =

∫
log qψ(xi) dPθ(zi |xi)

=

∫
log

pθ(zi |xi)qψ(xi, zi)

qψ(zi |xi)pθ(zi |xi)
dPθ(zi |xi)

=

∫
log

pθ(zi |xi)
qψ(zi |xi)

dPθ(zi |xi) +

∫
log qψ(xi, zi) dPθ(zi |xi)

−
∫

log pθ(zi |xi) dPθ(zi |xi)

= DKL [pθ(zi |xi) ‖ qψ(zi |xi)] + L(θ, ψ,xi, zi).

(4.4)
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The KL-divergence term is something we cannot calculate, but if we ignore it we see that
log p(xi) ≥ L(θ, ψ,xi, zi). We can rewrite this expression as,

L(θ, ψ,xi, zi) =

∫
log qψ(xi, zi) dPθ(zi |xi)−

∫
log pθ(zi |xi) dPθ(zi |xi)

=

∫
log

qψ(xi|zi)qψ(zi)

pθ(zi |xi)
dPθ(zi |xi)

=

∫
log

qψ(zi)

pθ(zi |xi)
dPθ(zi |xi) + Epθ(zi |xi)[log qψ(xi | zi)]

= −DKL [pθ(zi |xi) ‖ qψ(zi)] + Ep(zi |xi)[log qψ(xi | zi)] = −(Ri +Di).

(4.5)

Summing over all data points then gives that the full likelihood is greater or equal to
−(R+D). So minimising R+D will maximise the lower bound on the marginal likelihood,
which is the objective of VAE.

4.4 Information bottleneck

As promised, we will also be looking at the two information bottleneck methods. Starting
with the variational information bottleneck.

4.4.1 Variational information bottleneck

The main idea behind the variational information bottleneck is to minimise the recon-
struction error when calculating Y from Z. However, the amount of information that Z is
allowed to have about X is under some constraint. This suggests that the relevant func-
tionals that we want to keep from proposition 4.1 are R and C. The quantity R measures
how much complexity we allow in our Z given X and the functional C is needed as it
measures what the error will be between our representation Z and the true Y . We will
see that this intuition coincides with the objective as presented in the article by Alemi et
al. [2]. It could also be argued that D is needed, but we will see that this is not the case
with the variational information bottleneck.

Showing what the objective is for the variational information bottleneck requires a bit
of work. First, we will introduce the original objective of the information bottleneck
method. Then, we will show that this has a lower bound given in terms of the variational
approximation, which in turn will give us the required Ri and Ci.

Definition 4.4.1. Given data {(X,Y )}Ni=1 with assumed dependencies as in 2.9. The
information bottleneck objective is given by,

max
θ

N∑
i=1

I(Zi;Yi)− βI(Zi;Xi, θ). (4.6)

Here β regulates how much information of X we allow to be preserved in Z.

What we will show is the following proposition.

Proposition 4.4.1. The objective as given in definition 4.4.1 has a lower bound given by,

N∑
i=1

I(Zi;Yi)− βI(Zi;Xi, θ) ≥ −(βR+ C). (4.7)
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Proof. We have already seen some useful inequalities for this in chapter 3. Namely,

I(Zi, Yi) ≥ H(Yi)− Ci ≥ −Ci. (4.8)

The last inequality follows from the fact that H(Yi) is always positive. Next, we focus on
the term −βI(Zi;Xi, θ). Again, we already have seen a useful inequality given in chapter
3,

I(Zi;Xi, θ) ≤ Ri ⇐⇒ −βI(Zi;Xi, θ) ≥ −βRi. (4.9)

Now summing over all the terms gives the desired result,

I(Zi, Yi)− βI(Zi;Xi, θ) ≥ −(βRi + Ci) for all i ∈ {1, . . . , N} =⇒
N∑
i=1

I(Zi, Yi)− βI(Zi;Xi, θ) ≥ −(βR+ C).
(4.10)

Instead of maximising the original objective, we can maximise the lower bound −(βR+C)
to come to an approximate solution. This is equivalent to,

min
θ
R+

1

β
C. (4.11)

Here we recognise the objective from the start of this chapter, but with the constraints
δ = σ = 0 and γ = 1

β .

4.4.2 Deterministic information bottleneck

We are trying to maximise the term governing the reconstruction of our output I(Zi;Yi)
while setting constraints on how much information we are allowed to keep in I(Zi;Xi, θ)
when using the information bottleneck and variational information bottleneck method.
In the case of the deterministic information bottleneck, we are not looking to constrain
the amount of information that Zi is allowed to have of Xi. Instead, we want to put
constraints on how much information we are allowed to use in general to describe Zi. To
achieve this constraint we change I(Zi;Xi, θ) into H(Zi).

Definition 4.4.2. Given data {(Xi, Yi)}Ni=1 with assumed dependencies as in 2.9. The
deterministic information bottleneck objective is given by,

max
θ

N∑
i=1

I(Zi;Yi)− βH(Zi). (4.12)

Here β regulates how much information of X we allow to be preserved in Z.

An overview of why this objective results into a deterministic outcome is given below.
For a more detailed explanation we refer to the original paper by Strouse and Schwab
[26]. We want to find an iterative process that attains the goal given in definition 4.4.2.
To achieve this it is necessary to define the objective as a limit of another objective. This
objective is given by,

max
θ

N∑
i=1

αH(Zi |Xi) + I(Zi;Yi)− βH(Zi). (4.13)
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We recover our objective by taking the limit α→ 0. A formal solution to this problem
can be given. Namely,

qα(zi |xi) =
1

Z(xi, α, β)
e

1
α

(log qα(t)−βDKL[p(yi |xi) ‖ qα(yi | zi)]), (4.14)

qα(yi | zi) =
1

qα(zi)

∫
qα(zi |xi)p(yi |xi) dP (xi). (4.15)

where Z(xi, α, β) is the normalisation constant. If we take the limit α → 0, we see that
in the first expression the exponential will blow up. This might look like not something
useful, but that means that qα(zi |xi) collapses into a delta distribution at the point zi
where log qα(t) − βDKL [p(yi |xi) ‖ qα(yi | zi)] is the biggest. This can be interepreted as
function that maps xi to a given zi en thus gives a deterministic encoder.

This method does not fit into the framework shown in proposition 4.1. The fact that we
can find a function instead of a probability distribution by slightly tweaking the objective
is interesting however. Maybe there are ways to tweak the objective in proposition 4.1 in a
similar way to also get a function instead of a distribution? That question is unfortunately
out of the scope for this thesis however.
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5 Conclusion

The goal of this thesis was to describe a new framework to study machine learning algo-
rithms. We argued that the goal of a representation learning algorithm can be represented
in terms of two graphical models, world P and world Q. By minimising the KL-divergence
between the probability densities describing the two models, we find a general objective
representing multiple representation learning algorithms.

To reach this goal, we first introduced the concept of a graphical model and explained
it usefulness. Namely, the visual representation of certain dependencies allow for an intu-
itive interpretation. Later one we also saw that these graphical models also allow for some
nicer computations of information theoretic quantities. Before we displayed how we can
describe representation learning algorithms in general with a graphical model, it was nec-
essary to show specific examples. In particular we looked at supervised learning, Bayesian
neural networks, variational auto-encoders and the information bottleneck. For each, a
corresponding graphical model was constructed. From there a more general formulation
was shown in terms of world P and world Q.

With this formulation we can construct a general objective for these algorithms in terms
of the KL-divergence between the probability densities describing world P and world Q.
It was argued that the KL-divergence was not possible to calculate directly. An upper
bound was formally shown to exists, which consisted of 4 quantities: S, R, C and D.

To finalise the analysis of this approach we show that this bound is in fact more general.
Again, we considered the cases of supervised learning, Bayesian neural networks, varia-
tional auto-encoders and the information bottleneck. For each method we showed that it
was possible to retrieve their respective objective from the general objective, by picking
the right constraints on this objective in terms of Lagrangian multipliers.

Throughout this thesis, we not much is said much about the convergence of these algo-
rithms. There was no general description found for this aspect. The framework we adopted
to describe the models has not shown a clear way to incorporate this aspect of modelling
yet. The papers describing the studied algorithms do provide optimisation schemes for
each individual models, but no general solution was found so far.

Unfortunately, the connection between thermodynamics and the approach outlined in
this thesis were not fully explored. The approach in this thesis lead to connections that
were too arbitrary and did not result into new insights. However, we are confident that
there are many connections that can be made between machine learning and physics.
One example is the connection between the renormalisation group and deep learning [20].
These final remarks are left to pique the readers interest into further research subjects.
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Popular summary

From when the first machines were built a question arose: “Is it possible to create a
machine that learns and thinks like a human?” This question gives rise to the field of
artificial intelligence. Many different sub-fields have since emerged. Areas of research are
for example if a computer can recognise human faces on a picture, if a computer could
generate a coherent written story or if a computer can determine if a patient is sick. One of
these sub-fields is called representation learning and the core idea of this type of learning
is to automatically break up the problem in smaller pieces before a decision is made. In
an ideal world this would mean for example that a computer learns that a handwritten 9
is made up out of 2 parts. Namely, a circle and a stick. This process is shown in figure 5.1.
Of course, this is not what really happens, but this concept is what drives the intuition
for developing these kind of algorithms.
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Figure 5.1: The ideal representation of a handwritten 9.

In the field of representation learning there are many different algorithms that try to
mimic this type of learning. A question that one might ask is: “How do these algorithm
work?” or “Why does this algorithm work?”. These algorithms learn in steps and in each
step a certain quantity is computed, that is uniquely determined by which algorithm you
choose. This quantity determines how well the algorithm has learned the task so far. For
the algorithm to perform well this quantity sometimes needs to be large and sometimes it
needs to be small. So after each step we look if we can improve the calculated quantity
and change the parameters of the algorithm accordingly. In this thesis we showed that all
these unique quantities can be derived from only 4 distinct numbers. This means that if
we want to answer the two questions above, that we do not have to look at every algorithm
individually necessarily, but can analyse them all together with only these 4 numbers.

Let us take the example of figure 5.1 to get an idea of what this quantity looks like.
First we have to get used to some terms. We call the actual picture of the handwritten 9
the input X. The outcome would then be that the computer knows that this picture is the
digit 9. That outcome is what we denote by Y . The circle and stick on the right is what
we call the representation Z of X. This representation is useful, because it allows for the
computer to learn the idea behind what a 9 is, but it does lose some information of the
original input. Reconstructing a 9 form a circle and stick can be done in many different
ways. To recover the original picture the exact same way as before is unlikely. Similarly,
saying that we have seen a 9 from just a circle and a stick will sometimes result into the
wrong answer. It could just as well be a 0 and a 1 written closed together.
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These two pitfalls give rise to 2 out of the 4 terms needed and can be described as
follows:

• The first problem has to do with the loss of information when trying to reconstruct
X from Z. This is called the distortion.

• The second problem resulted from Z not having complete information of the outcome
Y . This is called the classification error.

Of course, we feed the algorithm not only 1 example. We try to give it as much as
possible examples as possible. For each example the algorithm calculates the distortion
and classification error and uses it to improve itself. The third number is similar to
the distortion, but it works just the other way around. Instead of looking how much
information is lost when reconstructing X from Z, it is the amount of information that is
retained in Z from X. This number is called the Rate.

Finally, each algorithm has a set of parameters that determine what decisions it makes.
The third number that we are interested in describes how much information the parameters
incorporate about the complete data set. This quantity is called the relative entropy. A
small summary of the terms:

• The first number is the distortion, the amount of information lost when rebuilding
X from Z.

• Secondly, we have the classification error, the amount of information Z has about
the outcome Y .

• The third term is the rate, the amount of information that Z is allowed to have from
X.

• Finally, we have a number called the relative entropy, which tells us how much
information the parameters of the algorithm have about the full data set.

It turns out that these 4 numbers are enough to describe how a vast amount of algorithms
work in representation learning. You recover the specific algorithms again by focusing on
1 or more of the numbers. This is the main result of this thesis and opens up the way
of new analyses of how and why certain representation learning algorithms work the way
they do.
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